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What is accuracy and why do we care?

We want convergence :

lim numerical ) _ [ exact solution
N -l solution to PDE
At -0

The Lax Equivalence Theorem (crude version):

consistency + stability = convergence

Hirsch (1990), Leveque (2002)
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What is accuracy and why do we care?

The Lax-Wendroff Theorem:

weak solution

convergence + conservation = to PDEs

Without conservation, we might convervge, but maybe not
to a real solution.

® shocks
® astrophysics (Monaghan, 2005)
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Conservation

Momentum equation:

Du, _ (pa
b pﬁ

Dt

Py

P
+ g ] DWabrnb

P, P,

Force on a due to b: 5
\ Pa

2
Py /

P, Py

Force on b due to a: 5
\ Pa

Equal and opposite if:
e W is symmetric

e his uniform

Not so clear for mass.

2
Py /

notation:;
OW,, =0OW (x —=x,,h) _
LW, m_m,
|]Wban]arnb = (pg + plz3 ) |]Wabn]an]b
pa pb
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Equivalence of the SPH mass conservation forms

The summation form: Vaughan et al. (2008)
Ioa = ZW (Xb _Xa)mb
b

Differentiate wrt t:

d d
d’t’a = YW (x, () - x,O)m,
b
d dx |
:; (;(tb.DbW (Xb _Xa)+ dta.DaW (Xb _Xa) mb
< dx, dx, ]
—; " LW (X, =X, ) - " LW (x, =X,) |m,
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Equivalence of the SPH mass conservation forms

rate of change of summation form density: ~ Vaughan et al. (2008)

(dd[t)aj :Zb:(uz —ug)-DbW (x: —xg)mb

“continuity” form:

(9017 25 (- (-2 )m

b

The two forms would be identical if we had
exact time integration!
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Conservation and non-uniform h

Errors due to h =h(x,t) studied by Hernquist (1993) -
important in astrophsyics — errors ~10%

oW (x,h)
oh

h=h(xt) = 0OW(x,h)=0W(xh), +

Additional terms can be derived — 10% CPU time cost.
Nelson and Papaloizou (1994)

“It seems one cannot have everything.” Monaghan (1992) '
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Tensile instability

A

In 2D/3D, instability is a
property of the elastic fluid —

not just SPH
(Bonet and Kulasegaram, 2001)

stress

+

strain
.

dw

dx
Swegle et al. (1995)
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Remedies for tensile instability

|
Repulsive forces (Monaghan, 2000)

® maintain particle distribution

® non-physical momentum source

Total Lagrangian (Rabczuk et al., 2004)
e kernel is a function of material coordinates

e particle retains a constant material coordinate X and
constant kernel values in X space

e suitable for very large deformation (fluids)?

Non-collocational (Dyka and Ingel, 1995)
e stress and velocity stored at different points Aé
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Terminology problems!

Consistency

(1) A consistent discrete approximation to a PDE exactly
reproduces the PDE as Ax — O

(2) A nth-order consistent discrete approximation exactly
reproduces nth-order polynomials, always

=completeness, C"
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Consistency: statement of the problem

What is the error in the approximation

oA ) OW (X, =X, )
X, N ;A(xb) o Ax,  (1D)

[
DAL, O-2 A, ) O,W.V, (2D/3D)

b
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Methods

Analysis
Taylor series expansions — truncation error in 1D

Numerical Experiments
Evaluation of an analytical test function

for:

e uniform and non-uniform particle distribution

e 1D and 3D

e standard SPH and consistency-corrected kernels
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The SPH evaluation of a gradient

Eulerian Lagrangian
Du 1
a—u+(u[[|])u+£Dp 0 +—0p=0
ot 0 Dt p
0A %t - OW (X, — X, )

AX,

Xa - j a)dx - A(x,)

0X,,

smoothing discretisation

sphenc
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The dimensionless kernel

W (s)
=hW (X -X,)

0.7

0.6

0.5F
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Smoothing error

X, +2h
- jAaﬂdx
oX

0A

OX |, .,

Expand A(x) as a Taylor series and integrate by parts:

X, +2h X; +2h 3
oA j A—dx+Aa[1— dej éa

X, +2h

X — X 3aﬂdxt..
| (x=x.)

Yo 16)4

o,

in dimensionless form:

g—':‘xz thA—dx+Aa( jV\?dS)+%A§ISZV\7US +h—;Ag'js3V\A/'ds + ...

sphenc
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Discretisation error — special case

* Uniform particle spacing .
e Ax'h = 4/n
¢ smooth kernel and data

general discretised form:

X, +AX/2 n
j f(x)dx OaxY f(x,) oo
X, —0X/2 b=1

The 2nd Euler-MacLaurin Formula:

X +OX/2 _ A = BZkAX2k _ ~p=2k+1 (2k-1) _ ¢(2k-1)
[ fO0dx =830 (x,) = 222 S (127 (e 47
X, —AX/2 b=1 k=1 ( )

Ralston (1965), Quinlan et al. (2005)
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Kernel boundary smoothness

cubic B-spline kernel

1 ‘

Boundary smoothness of the i 08| |
kernel is the highest integer 3 0/\
for which the Bt derivative P
and all lower derivatives are 5. O/\/
zero at the boundaries of the A e
2 -15 -1 -0.5 0 0.5 1 15 2

compact support. 2 T

=3

" /w
-27\ | | | | | | L \7

2 -15 -1 -0.5 0 0.5 1 15 2

cubic B-spline: =2 S, 45 a4 o5 0 05 1 15
Gaussian: - o in infinite domain s=(x-x,)/h
polynomial: arbitrary @
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Overall error — uniform particle spacing

SPH estimate exact
\ derivative
Y AWK, - 0A
oox ‘ox.

+%A§’IS3V\A/ ds +. .. smoothing error

R N R O ST

discretisation error

sphenc

AN NUI Galway
T OE Gaillimh




Kernels for testing

O? I I T T T
— (Gaussian 3 —
06 | - = = B-spline ||
— Wio——n-B =4
- W
05 f T=—1 R =2

0.4

0.3

kernel value

0.2

0.1

(x=x,)/h @
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Results — uniform particle spacing, 1D

sinusoidal 0 o analysis ||
test function 100 hi= —— computation {
S i ]
A(X), = 10_1; 0.2239 — OO0 OO OO O s me n?
wavelength A E ]
2 |
107 ]
10t order 3
polynomial Tg 10° o ]
kernel, B=4 2
v -4
£ 10 ;
© 6
S : ]
c 10'5, 0.0018 i
é 1 E
_6:
10° e
10" 10"

AXx/h
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Results — uniform particle spacing, 1D

2

0.
sinusoidal 2 analysis, Axth=4/(2n+1)
test function —— computation, Ax/h=4/(2n+1)

S o
AW, s 10 axh= R |
wavelength A E P

5 413

c

N -2
10" order T 100 ,
polynomial = Al7 A /

S 1
kernel, =4 S

§ 10" |

=

D

S 4/19

= 6 421

10° ]
10" 10~ 10° 10° 10
A
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Results — uniform particle spacing, 1D

2

10 e S —————
sinusoidal 2 analysis, Ax/h=4/(2n+1)

. — computation, Ax/h=4/(2n+1)
test function S . —— computation, Ax/hz4/(2n+1)
A(X), S 10 \gne h :

=
wavelength A £ 413 —
c
= -2
10t order S 100 0.9 1,
polynomial = af7 —
S 0.5 1
kernel, B=4 ¢
$ 107 0.3 :
£
?
= 4/19
S . 6 421
107} 1
0.1

10" 10° 10” 10" 10" A
h/A - C—)
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Kernel comparison

0

10°, \ S .

Sinusoidal test [ Gaussian 6 f
function, ot~ Erspiine 1 4 |
wavelength A - — 8 1
- — Py 47

empirical 810 '\' y,

results é . ? )NM V/

W = 000t iy | |l|'1)il’u)=n|’|'£ MMW”I '
ey

Ax/h
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Non-uniform particle distribution

x,, is the location of particle b

*b js the centroid of a region associated with particle b

AX, AX,

LT

A(X)

v

l X

X, BN
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Non-uniform spacing

_0A
—ZA Wy, ==
- A (IV\A/dS - 1) + h_ZA:_[SSV\A/ ds+... ]— smoothing error

pa(GIE LGN
1=(3]
S5 5e{(3] -

sphenc
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Non-uniform spacing — results

Normally distributed
random perturbation

of standard deviation 5 |0 0/A%=0.2 i

o imposed on uniform 5 :

particle distribution. £ 7

. 2 10" o/ax=0.02 2 |

sinusoidal test N :

function, S i

length A = 2| .

wavelens S 10 - ¢/Ax=0.002 ]
9 :

10t order c ;

polynomial kernel, £ 10° ]
o i

B=4 c :
2 - o/Ax=0

Ax/h = 0.364 1070 e

10 10 10 10
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Non-uniform spacing — results

Normally distributed

random perturbation F T | -  GIAX= -
of standard deviation o 10° ; 02
o imposed on uniform ©
particle distribution. % 0.02

c -1
sinusoidal test %f\l 10 0.002
function, 0 i 0 ’
wavelength A ‘g 10 |

0 I
10t order o j
polynomial kernel, g 1071 ]
p-4 g

c |

-4

h/A = 0.022 10—~

0.1
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Is randomness a good model for measuring error?

) 1 ) 1 ) I I ) I 1
1 .,.1;.'.!:.::.:.;?_& ] ottt ]
. \__,ru:..n LN - 3 . ....:.......... - .
L R AL I [ 5 : '
ol 2w ..'rc. S et e 0 g < w [ * b
| . ot w2l e o 4 Y L 2
o o':*' .i.'? ...‘:. ; . < S . -
k - . c“ .‘ -t
] R o, * v - ]
St A YO i:::(' et . ]
. L) . R N A [ . ]
* %= % -‘ %y * L0 - .e
o .: .=’l"\¢‘ ~o- l’!\.‘"’o ..-. - > o o ® -
3."-’”‘"'&'{ "B e ) LS ]
* ..“9'“ .® ...-"". .‘.- } o : : - :
of  WEHdeua el ] of ® ]
= . L e ‘n _ - -
T R S T Vst TI . ]
'"ﬁ%"‘:b .’° feas . o
20 -"..' .‘~=.... T L ....'.0|‘.a-..-'
.":...:' j‘ fo.‘ . w ] 3 % 3 ... e *
- [ A " Wi i -
1 F a0 A%, i ' F i
A AR A A AT AT AT A AN A AL AL A A [ b

X X
T T T T

- -

:

“ow o'

LE N a0

'.' LN ] [ N ] I'.

w L Seeencescscssencssectasaven -
o .:C.........l............-l.l

— FHE Monaghan (2005)

l'.|....|....|....|....|.' : @’
-1 -0.5 0 0.5 1 if NUI Galway B S
. ="'l OE Gaillimh sphenc




. T AT M) \TPU "),
(Comparison  with Thom's “experimental]

Is your computer too slow?

: . . R - 3R 3 —_-
JOURNAL oF THE PHYSICAL SOCIETY OF JAPAN Vol. 8, No. ¢, Nov.—Dkc., 1953 Exp. (R=36)

x Exp. (R=15)
Numerical Solution of the Navier-Stokes Eguations
for the Flow around a Circular Cylinder
at Reynolds Number 40
By Mitutosi KAWAGUTI

Institute of Seience and Technology, University of Tokyo
(Received July 10, 1953)

The numerical integration in this study fo——r—roH
took about one year and & half with twenty i made, and the coincidence
working hours every week, with a considec- 750
abie amount of labour and endurance. @
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Designing kernels for higher orders of consistency

Corrected SPH (CSPH) (Bonet and Lok, 1999; Vignjevic et al., 2000)
. W (x, =)

W (x, —x) = zero-order consistent kernel
ZW (Xb _X)Vb
b

-1
(Z x; OW (X, —x)vbj Ow  first-order consistent kernel gradient
b

Reproducing Kernel Particle Method (RKPM) (Liu et al., 1995)
W (x, = x)P(x, )P (x, =x) ¢ (x) =P (x)
b

W (x —x,) =cP (X)W (x —x,) first-order consistent kernel

AN NUI Galway \§
Cily EEIU T spheric




Designing kernels for higher orders of consistency

Pro

e Better approximations near non-uniform particle distributions
e Better approximations near boundaries

® |ess prone to tensile instability? (Bonet and Kulasegaram,
2001)

Con

e Corrections must be computed per particle
e Computational effort

e | oss of SPH conservation properties
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Consistency-corrected SPH results

2 T T T T T

15k flow — SPH(4000 steps)
\ 1@ SPH(50 steps)

1 -----finite volume

S
[
T

0 n/4 /2 3n/4 n
0 (radians)

cylinder at Re; = 100
(Lastiwka et al., 2008)

tank empyting
(Feldman and Bonet, 2007)
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Truncation error with consistency-corrected kernels

A nth-order consistent kernel ensures exact calculation of
gradients of polynomials up to order n.

A general expression for error:

AX

E=¢& t+E&, :aoih,%,JJAa +a1(h’T JJA; +a2(h,%,5jA;' +...

For a first-order consistent kernel, by definition:

a,=a, =0
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Truncation error for first-order consistent kernel

-> AW,Ax, = 9A
~ " 0X

X=X,

- Al (IV\A/ds —1) +2AQISZV\A/ ds +h—62A§'IS3V\A/ ds +... i’ smoothing error
{ p 50 Lm ] Al ijo((ﬂ_jﬂ
h 2 12 h
AX discretisation
AaJO(( h j H >error
—h{A‘;’ Jo(AXj ¥ Ago[(gj‘lﬂ -
2 h 2 h

J
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First-order consistent kernel — numerical results

First-order
convergence
observed in
discretisation-
limited error

sinusoidal test
function,
wavelength A

10th order
polynomial
kernel, 3 =4

Ax/h = 0.7

non-dimensionalised Lz norm error

. oIAX=0.2

~ 6/Ax=0.02

o/Ax=0, 0.002

h/\
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3D standard SPH

o/Ax = 0.2
(high disorder)

log,,(normalised error)

log,, (non-dimensionalised error)



3D standard and corrected SPH

o/Ax = 0.2
(high disorder)

nnf
J..:—:‘E,

5
0 3
05 T
8
1.5 g
2 g
Wess é
| 3 =
-3.5 S
_4 5
S
(@)]
o

log ,(normalised error)
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3D standard SPH
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Stencils

@
@
@
@ O
@
@
¢ O o @
] i+1,)
’ ’ o oy ¢
AX @
[
SPH
classical finite , ‘ |
difference |
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Tuning Ax/h and h/\ together

101 | — 1 T

: o=1/10
5 . Ax/h [0 h'/10
o 100;
= :
5 _
o 1077 F ;
— - Ax/h O h/3
5 107}
C L
ke .
/)]
G 107 ¢
= :
'CI] L
S 107§ Ax/h = 0.9
c [

1073 1072 10~ 109

h/A . .
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Context

Classical “second order” finite difference and finite
volume methods are nearly always analysed on uniform
meshes. Performance is degraded on non-uniform

meshes. — e.g. Turkel (1986)

“Order of accuracy isn’t everything.”

— Leveque (2004)
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Second derivatives

Popular form for computing viscous stress:

°A

m
W, -
‘2 b pb

=) (A-A)

X, =X
b ‘Xb Xa

Conserves linear and angular momentum

Relies on (X, =X, ) IIOW,, - not true for corrected kernels
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Error in viscous flow models

error

h=Ax
1
0.1F VI S S R
A & & A4
1
0.001 : ;
1 10 100
1/h

1000

0.1

0.01

0.001

h=1.5Ax

1
10 100 1000

Graham and Hughes (2007)
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Accuracy of viscous flow models

0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

FVM benchmark

—

1T

moOmrx

uncorrected

normalized kinetic energy

Lid-driven cavity at Re;, = 1000

0.045 — Basa et al. (2008)

0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

first-order consistent

normalized kinetic energy

0 10 20 30 40 50 60
Time (nondimensional)
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Conclusions

Convergence requires consistency, conservation, stability
e Difficult to combine conservation and consistency
e Absolute convergence is elusive

e Particle “disorder” is still poorly understood
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