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Abstract
This paper defines logical operations and finite automorphism groups in the context of
stabiliser quantum error correcting codes (QECC). The two concepts are compared and
a connection is established. The comparison of these concepts reveals a significant rela-
tionship, enabling the examination of fundamental properties of stabiliser codes through
their automorphism groups. These groups can be easier to understand and allow one to
use pre-existing methodologies from group theory.
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Chapter 1. Introduction Paul Cassidy

1 Introduction

Quantum circuits are noisy, necessitating the development of a fault-tolerant framework
for effective real-world application. Massive strides in the area of quantum error correction
(QEC) have been made over the past 25 years. In 1998, Gottesman introduced his sta-
biliser formalism which has emerged as the predominant form of QEC. Chapter 2 explores
this formalism and some concepts related to logical operations.

The logical operations allowed in a QEC can be identified and understood through the
analysis of the QEC’s automorphism groups. Two useful automorphism groups are defined
in Chapter 3 and a connection to logical operations is established. Examples of QECCs
are provided throughout.

For an introduction to the stabiliser formalism and the requisite group theory, I recommend
[1] and [2] respectively.

Figure 1.1: The cycle graph of D10, the dihedral group of order 10 (sometimes known as
D5 as it is the symmetry group of a regular 5-gon), is presented. In Chapter 3, it is shown
that this serves as both the strong and weak automorphism group of the [5,1,3] QECC.
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2 Logical Operations in QECC

Definition 1. A logical operation is an operation that acts on the encoded qubits of a
QECC.

Example 1. In the [7,1,3] Steane code, the logical Hadamard operation HL is defined as
applying the physical Hadamard on each of the 7 physical qubits:

HL ≡ H⊗7

Definition 2. The stabiliser, S, is an abelian subgroup of Gn (the n qubit Pauli group)
which does not contain −I and whose elements “fix” the codewords corresponding to S,
C(S) ∈ C2n :

S := {s ∈ S, |ψ⟩ ∈ C(S) | s|ψ⟩ = |ψ⟩}.

One can choose to define the stabilising subgroup in terms of the corresponding codewords
or vice versa.

Definition 3. The normaliser of S is the set of elements in the group X which commute
with all of the elements in S:

NX(S) := {x ∈ X,x−1Sx = S}

Elements of the normaliser transform codewords to codewords and thus are useful for
QEC.

Definition 4. Logical operations are unitary operations which commute with the stabiliser
but lie outside of it [3].

NG(S)/S

Note that this implies that logical operations do not form a group as S necessarily contains
the identity element. These logical operations preserve the codespace but act non-trivially
on it. The most general single qubit operation in NG(S) can be viewed as a rotation of
the Bloch sphere permuting the three coordinate axes [1].
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3 Automorphism Groups

3.1 Definitions

Definition 5. An automorphism is an isomorphism between a mathematical object O
and itself. ϕ : O 7→ O.

Definition 6. The automorphisms of a group G form a group themselves, known as the
automorphism group Aut(G).

In the context of QECC one can define some interesting automorphism groups known as
the strong and weak automorphism groups [4].

Definition 7. The strong automorphism group of a quantum code C:

Autstrong(C) := {ϕ ∈ Sn | ϕ(C) = C}

where Sn is a symmetric group of order n and acts as a permutation of the Pauli operators
in the code.

Definition 8. The weak automorphism group of a quantum code C:

Autweak(C) := {ϕ ∈ Sn, gϕ ∈ Gn | ϕ(C) = gϕ · C}

Example 2. Both the strong and weak automorphism groups of the [5,1,3] code (the
smallest code with a single logical qubit where any single physical qubit error can be
detected and corrected [5]) are D10, the dihedral group of order 10. The equality of the
two automorphism groups implies that there are no single qubit errors that can occur
which could change the logical state without it being detected.

3.2 Connection to Logical Operations

3.2.1 The stabiliser and strong automorphism groups

It is clear that the strong automorphisms of a quantum code are those that correspond to
unitary operations that leave the code space invariant. They act trivially on the logical
state of the code. These are the automorphisms that are generated by elements of the
stabiliser.

Autstrong(C) : |ψ⟩
ϕ7−→ |ψ⟩

=⇒ ϕ(S) = S =⇒ ϕ ∈ S

ϕ must be in S as it maps elements of S to S implying that it is itself in the group.

3.2.2 The normaliser and the weak automorphism groups

On the other hand, the weak automorphism group appears to correspond to the normaliser
of S in Gn. It twists the vectors in C by an element of Gn. As Gn contains I it forms
a supergroup of the strong automorphism group. The additional elements of the group
are those that are correctable by QECC but change the logical state. There is an obvious
comparison to the normaliser and the rotations of the Bloch sphere discussed in Chapter
2.
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One must find the set of elements ϕ(S) which stabilise ϕ(C).

S|ψ⟩ = |ψ⟩ and |ψ⟩ ϕ7−→ gϕ · |ψ⟩

=⇒ ϕ(S) = gϕSg
−1
ϕ ≡ NG(S)

Giving a direct equivalence between the normaliser of S in Gn and the weak automorphism
group of C corresponding to S.

Definition 9. The set of fault tolerant logical operations in a QECC is given by the
quotient of the weak automorphism group by the strong automorphism group:

{logical operations} ≡ NG(S)/S ≡ Autweak(C)/Autstrong(C)
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4 Conclusion

In this short report the definitions of the strong and weak automorphisms were juxtaposed
with the stabiliser and normaliser of a class of QECC. Through this comparison a new
interpretation of a logical operation in stabiliser QECC was found.

In recent times the many results in physics and mathematics have stemmed from dualities
between two distinct systems or objects. These dualities have allowed for easier problem
solving, exemplified by the likes of ADS/CFT or the Langlands programme. While this
connection is more modest in its scope, it can still yield valuable insights for both sides.
Hopefully, centuries of group theory research can help quantum computing researchers in
their young field and vice versa.
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