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Points in frames: two problems

• Show that if 5 points are placed in a unit square, then there are two points no more

than 1√
2

units apart.

• Show that if 5 points are placed in an equilateral triangle of side length 1 unit, then

there are two points no more than 1
2 units apart.



The Pigeonhole Principle

Picture: Wikipedia

If you place at least n + 1 objects

into n boxes, then at least one box

will contain more than one object.



Applications: integer sums

Problem 1.

Prove that however you choose 6 numbers between 1 and 9 (by the way: in how many

ways can you choose them?) two of them will have sum equal to 10.

Problem 2. Given any 27 odd integers from 1 to 100 show that there is a pair of them

whose sum is 102.



Stronger versions of the principle

• Discrete Pigeonhole. If k · n + 1 objects are partitioned into n disjoint sets, then at

least one set must have at least k + 1 objects..

• Continuous Pigeonhole. Objects with a total measure (for instance, length, area,

volume . . . ) M cannot be packed into a space with measure less than M without

overlap.



More problems

Problem 3.

(a) There are 6 people at a party. Show that you can find a group of three who are

mutual strangers or mutual acquaintances.

(b) There are 17 people who discuss with each other one of three topics. Each pair

discusses a single topic. Show that you can find a group of three people who

mutually discuss the same topic.



More problems

Problem 4.

(a) Given any 52 integers, show that there is a pair of them whose sum or difference is

divisible by 100.

(b) Given 51 different numbers from 1 to 100, show that there is a pair with no

common prime divisors.

(c) Given 51 different numbers from 1 to 100, show that there is a pair a, b such that a

divides b.



More problems

Problem 5. For i = 1, 2, . . . , 7, let ai and bi be nonnegative numbers such that ai + bi 6 2.

Prove that there exist distinct indices i, j such that |ai − aj|+ |bi − bj| 6 1.

Hint: can you interpret these 14 numbers (or better, these 7 pairs of numbers)

geometrically?



More problems

Problem 6. Prove that in every 16-digit number there is a string of one or more

consecutive digits such that the product of these digits is a perfect square.


