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3rd year quantum:  1st Topic

• Failure of Classical Mechanics:
• Black Body Radiation & UV Catastrophe.

• Heat Capacities.

• Photoelectric Effect.
• Spectroscopic evidence.

• Diffraction of Electrons.

• Wave-Particle Duality: De Broglie Relationship.

• Understand and explain the evidence for quantum theory and 
the De Broglie Relationship.
• Section 8.1-2, Physical Chemistry, Atkins 8th ed., p.243.
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Black body radiation (I)

• As temperature increases:
• Energy density increases in 

shorter wavelength regions.

• Peak shifts to shorter 
wavelengths.

• Total energy density (the area 
under the curve) increases 
• as T4. 

3

• � (rho) = the density of states, 
• is the proportionality constant between d� and the energy density 

dE, in the range of wavelengths between � and �  + d� , 
• k is Boltzmann’s constant (k = 1.381 × 10�23 J K�1 ). 

• Units of � are J m�4 . 

• gives an energy density dE in J m�3 when multiplied by a 
wavelength range d� in metres. 

• A large � at � simply means:
• there is a lot of energy associated with wavelengths lying between �

and �  + d� . 

Density of states

4

Ultraviolet catastrophe! 

Rayleigh–Jeans law predicts an 
infinite energy density at short 
wavelengths.

Even cool objects should radiate 
and so should never be dark….. 
-- UV etc. @ room temp.

d d             4

8 kTp
E r l r

l
= =
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Planck distribution (I)
• Emitted energy to be limited to 

discrete values:
• Quantization of energy
• E = nhn, n= 0,1,2,…….

d d        5 hc / kT

8 hc
( e 1)l

p
E r l r

l
= � =

-
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Planck distribution (II)

• For short lll l :
• hc/� kT>> 1 
• ehc/� kT �  �  
• faster than � 5 �  0; 
• � �  0 as � �  0 
• or �  �  � .

• Energy density approaches 
zero at high frequencies,
• Agrees with observation. 

• For long lll l :
• hc/� kT<<  1, 
• The denominator in the 

Planck distribution can be 
replaced by: 

l This is the same as 
Rayleigh-Jeans law. 

5 hc / kT

8 hc
( e 1)l

p
r

l
=

-
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Heat capacities (I)

• Dulong & Petit proposed that the molar heat 
capacities of all monatomic solids are the same 
and (in modern units) close to 25 J K�1 mol�1 . 

• Why?
• Equipartition principle used to calculate the heat 

capacity of a solid: 
• the mean energy of an atom as it oscillates about its 

mean position in a solid is kT for each direction of 
displacement. 

• Can oscillate in 3D, 
• � the average E of each atom is 3kT; 
• for N atoms � total E =  3NkT. 
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• BUT………
• Does not hold @ low. Temp.

• CV,m approaches 0 as T� 0 K.

• Why?

Heat capacity (II)

m

m
V,m

because  = R (the gas 

Contribution of this motion to the molar internal energy is therefore: 

U =3  = 3RT     

The molar constant volume heat capacity is then predicted to be:

constant

 

).

U
C = 

T

A AkkT NN

¶
¶

-1 -1 = 24.9J K     mol
V

3R .� � =� �
� �
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Heat capacities (III)

• Einstein (1905):
• assumed that each atom oscillated about its equilibrium 

position with a single frequency � . [Quantization AGAIN ]
• invoked Planck’s hypothesis to assert that the E of 

oscillation is confined to discrete values, (E = nh� , where n
is an integer). 

• New energy equation: 

• Molar heat capacity: 

10

Heat capacities (IV)
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Photoelectric effect

• Electrons only appear after certain hvenergy…
• Lights acts like particles….PHOTONS.

• Work function F : 
• energy required to remove an electron from the metal to infinity

• Heinrich Hertz 1887.

2
e

1
m h

2
u n f= -

12

Living graphs (#26…Atkins)

• Use this to explore the values & consequences of the PE effect.
• http://www.lon-capa.org/~mmp/kap28/PhotoEffect/photo.htm

2
e

1
m h

2
u n f= -
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Atomic & molecular spectra

• Not a broad continuum
• Band structure
• Absorption/Emission of discrete 

photons
• � E = h� .

����	
��������	����������		 DDDD�	�� nnnn

14

Wave-Particle Duality
• Diffraction of electrons:

• Behave like waves.

• DeBroglie suggested (1924):
• any particle travelling with a linear 

momentum p should have (in some 
sense) a wavelength given by :  

    De Broglie Relationship.
h
p

l =

15

Estimating de Broglie Wavelength (I)
• Estimate wavelength of electrons that have been accelerated 

from rest through a 40 kV potential difference. 

K

2 2
K e e

E acquired by  accelerated through a potential difference V is e V

After acceleration, all the acquired energy is kinetic energy (E ): 

1
So

Step 1: Manipulate the equatio

 E  = m v  =  p /2

ns:

m (

 

r b
2

emem

e ´

2

K e
e

e

)....

p h
So E  = eV............p = 2m eV,  and deBroglie =

2m p

h
=

2m eV

er p = mv

l

l

=

�

3rd year Quantum Chemistry 2008-9. 16

Estimating de Broglie Wavelength (II)
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34

31 19 4

34

2 244

34 2 -2

h
= ,next Input values:

2m eV

6.626 10  Js

2 (9.109 10  kg)(1.609 10  C)(4.0 10  V)

1 VC = 1 J 6.626 10  Js
=    Remember that: 

1 J = 1 kgm s1.1725 10 kgCV

6.626 10  kgm s s
  = 

1.1
So

l

l

l

l

-

- -

-

-

-

´
=

´ ´ ´ ´

´ � �
� �
� �´

´

----

34 2 1

22 144 2 -2

12

6.626 10  kgm s
  

1.084 10  kgms725 10  kgkgm s

 = 6.11 10 m (~6 picometers)

shorter than typical bond lengths in molecules (~100 pm). 

Electrons accelerated in this way are used in the te

l

-

--

-

´
=

´´

´

----

----

chnique of 

electron diffraction for the determination of molecular structure.
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Correspondence Principle

• States that classical mechanics emerges from quantum 
mechanics as high quantum numbersare reached:
• De Broglie: 1 g mass, 1 ms-1: 

-34

3

-31

2 2
1

h
Momentum ( ) = mv, =

h 6.62

Step 1: 

6 10  
So = 1 = 1

(1 10  ) (1 )

Manipulate the equations: 

Re
Js

  J  kgm s
kg m

m

6.626 10  

s

m.

:

r l
r

l
r

l

-
-

-

´
=

´ ´

� = ´
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3rd year quantum:  2nd Topic

• Schrödinger Wave Equation:
• Equation & Notation.

• Wavefunctions & Probability.

• Normalisation.
• General properties of solutions.

• Born Interpretation & Probability.

• Uncertainty Principle.

• Understand and be able to explain SWE, nature of 
wavefunctions, Born Interpretation, uncertainty principle.
• Section 8.3-8.7, Physical Chemistry, Atkins 8th ed., p.254.

19

SWE equation (I)………
l Single particle of mass m, moving in 1 dimension, 

with energy E.
l Based on Partial Differential Equations. 

p2
h

=�
������� ��������


������
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SWE equation (II)………

• Two parts to understanding SWE:

• Energies:
• SWE allows us to calculate E values.
• Can be measured (evidence).
• Spectroscopy.

• Wavefunctions:
• Mathematical tool. 
• Probabilities.
• Used to formulate orbitals…..bonding.
• Selection rules in spectroscopy.
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Wavefunctions 

• A wavefunction (� ) is a mathematical function 
obtained by solving the Schrödinger equation and 
which contains all the dynamical information about a 
system.
• It’s like a mapof where the particle is at any point in time.
• It allows one to predict where a particle is likely to be 

(probability).
• In chemistry it tells us where the electrons go (4Y QChem).

22

Use SWE to develop de Broglie eqn. (I) 

freely moving particle in a region 
with constant potential energy V

De Broglie Relation :  

relates momentum of a particle with its wavelength.

h
p

l =

23

Use SWE to develop de Broglie eqn. (II)

Remember  = -1i

2
2

2 2 2

2
2 ikx

2

d 2 2m(E-V)
( ) ,         let k  = 

d
Rearrange to:

d
k 0,  and solve to get: e

d
We can use:  e cos sin  to write:

cos sin

i

m
E V

x

x
i

kx i kx

q

y
y

y
y y

q q
y

= - -

+ = =

= +

= +

� �
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Use SWE to develop de Broglie eqn. (III)

• Real (purple)

• Imaginary (green)
• Parts of a free particle 

wavefunction. 

• Corresponding to 
motion towards +ve x. 

• Wavelength
• � = 2� /k
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Use SWE to develop de Broglie eqn. (IV)

K

2
K

2 2 2

K K

E-V is equal to the K.E. of the particle (E ), 

so k = (2mE / ), 

k p
 E  = . Because E  = , it follows that

2m 2m
p = k  and remember that  = 2 /k 

Therefore, the linear momentum (p) is related 

to th

l p

�

�

�

�

e wavelength of the wavefunction by:

2
p =   (de Broglie relation)

2
h hp

l p l
´ =

2
2

2m(E-V)
k  = 

�

2
k

1
E  = 

2
mv
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Born Interpretation

• Analogy with the wave theory of light: 
• square of the amplitude of an EM wave in a region is 

interpreted as its intensity. 
• therefore (in quantum terms) as a measure of the 

probability of finding a photon in that region. 

• For wavefunctions: 
• square of the wavefunction (or the square modulus, |� |2 = 

� * � , if � is complex). 
• Value of |� |2 at a point is proportional to the probability 

of finding the particle in a region around that point.

27

Complex Conjugates

• The wavefunction � can be complex, such that:

• So sometimes we multiply by complex conjugate 
instead of squaring wavefunctions:
• Especially for probability densities.

*

*

 where 1

 Real Number

a ib
i

a ib

Y = +
= -

Y = -

� Y ´ Y =

28

Probability density – 1Dimension

• Wavefunction � :
probability amplitude:

• Probability of finding a 
particle in the region dx 
located at x is proportional 
to |� |2dx. 

• Square modulus 
(� * �  or |� |2)
probability density.
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Probability density

• The sign of a wavefunction 
has no direct physical 
significance: 
• +VE & -VE regions of � .

• same probability distribution. 

• square modulus of � .
• depicted by the density of 

shading. 

30

Probability density – 3Dimensions

• Born Interpretation:

• probability of finding the 
particle:
• in the volume element d�  = 

dxdydz.

• at some location r.
• is proportional to the product 

of d�  and the value of |� |2 at 
that location. 

31

Polar co-ordinates: Spherical systems

• Use polar co-ordinates:
• � = co-latitude [North-South].
• j = azimuth [East-West].
• r = radius (fixed).

• 2 boundaries:
• y (� ) = y (� +2p). 
• y (j ) = y (j +2p).

x = r sin � cos � ,  y = r sin � sin � ,  z = r cos � .

32

Normalisation (I) 

• A mathematical feature of the SWE is that:
• if � is a solution, then so is N� . 
• where N is any constant. 

• This freedom to vary �  by a constant factor means:
• Always possible to find a normalization constant, N. 
• Such that the proportionality of the Born interpretation 

becomes an equality (=1).
• Very important for practical application of SWE. 
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Normalisation (II)

• Find the normalization constant by noting that, for a 
normalized wavefunction N� :
• the probability that a particle is in the region dx:
• =(N� *)(N� )dx (taking N to be real). 
• the sum over all space of these individual probabilities = 1

• (particle has to be somewhere).

Almost all wavefunctions 

go to zero at 

sufficiently great distances. 

34

Normalisation (III)

evaluate the integral, 
find the value of N
‘normalize’ the wavefunction. 

3D system 

=

where d	 = dxdydz
limits of definite integral are not written explicitly
Integrate over all space accessible to the particle 

35

Normalisation (IV): 3D spherical

• x = r sin 
 cos � , y = r sin 
 sin � , z = r
cos 
 .

• Volume element is:
• d	  = r2 sin 
 drd
 d� . 

• To cover all space: 
• Radius (r) ranges from 0 � � , 
• Colatitude (
 ) ranges 0 �  2�
• Azimuth (� ), ranges 0 � 2�

36

Solutions to SWE (wavefunctions)

• Wavefunction must be:
• Single-valued. 
• Finite. 
• Continuous.

• None of these are real 
solutions.
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Information in a wavefunction

• Operators, eigenvalues, & eigenfunctions.

• Hermitian operators.
• Probability density.
• Superpositions & expectation values. 

38

Wavefunctions (energies)

• It is possible to infer the 
average kinetic energy (KE) 
of a particle by noting the 
average curvature of the 
wavefunction. 

• Observed KE of a particle:
• an average of contributions 

from the entire space covered 
by the wavefunction. 

39

Uncertainty 
• It is impossible to specify simultaneously, with arbitrary 

precision, both the momentum (p) and the position of a 
particle. 

40

Uncertainty Principle
• Well-defined position:

• The wavefunction is a sharply spiked 
function that has zero amplitude 
everywhere except at the particles 
position.

� p is the ‘uncertainty’ in the linear momentum 
parallel to the axis q, and 
� q is the uncertainty in position along that axis. 

1
p q

2
D D ³ �
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Superposition of wavefunctions  

• Superposition of several � s of 
definite l :
• interfere constructively in one place. 
• destructively elsewhere. 

• As more � ’s are used in the 
superposition (1,2…….), 

• Location becomes more precise 
at the expense of uncertainty in 
the particle’s momentum.

• � number of � s needed to 
construct the wavefunction of a 
perfectly localized particle. h

p
l =

42

Constraints of the uncertainty principle

• Can’t measure with 
precision the position & 
momentum in same 
direction.

43

Using the Uncertainty principle
Speed of a projectile of mass 1.0 g is known to within 1 µms�1 . 
Calculate the min. uncertainty in its position.

Step 1: rearrange to:

Estimate from where is the uncertainty in the speed.

Then estimate the min. unce

1 1 1
  .....  .. .

2 2 2

  ,    

 .

1 1.055 1

rtainty in position,

Step  2:  
2

p q q q
p m v

p m v v

q

q
m v

D D ³ D ³ � D ³
D D

D D D

D

´
D ³ =

D

� � �

� -1

2 -

-34

-3 -6

-26 2

If  much smaller (like an 

0  
2 (1.0 10  ) (1 10 )

5 1

electron) then

0 [Remember:

  much gre

  1 J = 1  ]

ater

relative

Js
kg ms

m  k

 to the si

gm s

ze of an atom.

q

m q

´ ´ ´ ´

D ³ ´

D
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3rd year quantum:  3rd Topic

• Translational Motion: 1D simplest case
• Particle in a box.

• Boundary Conditions. 

• Wavefunctions from de Broglie.
• Zero Point Energy.

• Energy Levels and Transitions.

• Factors Influencing energies & wavefunctions.

• Understand and be able to solve/use SWE for 1D case. 
Calculate and draw E-level diagrams / Wavefunctions. 
• Section 9.1, Physical Chemistry, Atkins 8th ed., p.277.
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Translational motion (1D)
Particle of mass m free to 
move parallel to x-axis 
with zero P.E. (V = 0).

+

2 2
-

Solutions have the form:

e e ,  ,   and  constants.
2

ikx ikx k
A B E A B

m
y = + =

�

2

2m(E-V)
Where

p. 255 A

: k =

.

 

tkins
�
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Translational motion (1D)-proof
-To show: e e ,    and  constants a correct soln.

Substitute into LHS of equation and confirm that we obtain E : 

ikx ikxA B A By = +

Y

2

2

Math reminder:

For a function:  

= , then:

d
( ) ,  

d
d

( )
d

ax

ax

ax

be

a b e
x

a a b e
x

y
y

y

= ´

= ´ ´
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Probability density (1D-translation)

l Where’s the particle?

l Calculate PD.

What if B=0, then � =Aeikx

This probability density is independent of x: 
� so, wherever we look along the x-axis. 
� there is an equal probability of finding the particle. 
� we cannot predict where we will find the particle. 

48

Probability density (1D-translation)

Case 2:  A=B +

• Prob. Density now has a periodic dependence on x.

2 2* 2( 2Acos kx ) ( 2Acos kx ) 4 A cos kxy = =
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Probability density (1D-translation)

• PD varies periodically between 0 
and 4|A|2. 

• When PD = 0:
• nodesin the wavefunction: 

• a point where � passes through0. 
• particles never found at the nodes. 

• Nodes are defined in terms of the 
probability amplitude:
• the wavefunction itself. 

• PD never passes throughzero 
because it cannot be negative. 

50

Exact solutions of SWE

( )

2 2 2

2

2

Particle in a box,
           ;  1,  2,  3,

V = 0 for 0<x< L 2

Particle in parabolic V

kx   1 2  ;  0,  1,  2,V =  
2

= vibrational energy

Particle on ring

V = 0

rotational

n

v

n
E n

mL

k
E v v

p

m

� �
� = =� �

� �

� �
� �
� � � = + =
� �
� �
� �

�
�

� �

2 2

2 4

2 2 2 2
0 0

             ;  0,  1,  2, .....
2

 energy

Particle in coulombic V

-e
V =  ;  1,  2,  3,

(4 e r) 32

H-atom, electronic energy

l
J l

n

m
E m

I

e
E n

n
m

p p e

� �
� � � = = ± ±� �
� �
� �

� �
� �
� � � = - =
� �
� �
� �

�

�
�
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Particle-in-a-box (or well)

• System Info:
• Particle moves in 1 D (+/- x)
• Length of Box:  0 �  x �  L.
• Potential Energy Barrier at 0, L:
• V = �  (particle can’t penetrate).

• Inside well V= 0.
• Two cases to solve:

• Outside.
• Inside. 

52

Particle-in-a-box:  outside
2 2

2

2

2

2

2

d
( ) 0......But V= , so:

2 d

Since V , we can ignore E and  terms, 
2

d
0,   and as V     0

d

0,   so this implies  0,

So no numerical solution.

Particle does not exist outsid

V E
m x

m

V V
x

y
y

y
y y

y y

- + - = ¥

® ¥ - �

- = ® ¥ � =

\ = =

�

�

e box or well for which 0  x  L

Particle  is  confined  to  remain  inside.

£ £
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Particle-in-a-box:  inside (I)

2 2

2

2 2

2

2
2

2 2 2

2

d
( ) 0......

2 d

d
0,    

2

Step 1 :  Rearrange SW equation & input boundary condition:

But V=0, so:

Rearrange to:

S

d

d 2 2
0

o.......

,    let 
d

d
d

......

V E
m x

E
m x

mE mE
k

x

x

y
y

y
y

y
y

y

- + - =

� �
- - =� �

� �

� � � �� + = =� � � �
� � � �

�

�

� �

2
2 Have to solve this.0,  k y+ =

54

Particle-in-a-box:  inside (II)
2

2
2 Have to solve this.

General soln:

d
0, 

d

 

 

 ikx ikxAe Be

k
x

y

y
y

-= +

+ =

       
2 2

k k
k

( x ) C sinkx Dcos kx, E
2m

y = + =
�

    
k A(cos kx i sin kx ) B(cos kx i sinkx )

( A B )cos kx ( A B )i sin kx

y = + + -

= + + -
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Particle-in-a-box:  Wavefunctions (I)

• For a free particle, any value of Ek corresponds to an 
acceptable solution. 

• However, particle is confined within a region, the 
acceptable wavefunctions must satisfy certain 
boundary conditions, or constraints on the function 
at certain locations:
• � =0, where V = � , at x < 0 and x > L. 

• Principle of quantisation.

       
2 2

k k
k

( x ) C sin kx D cos kx, E
2m

y = + =
�
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Particle-in-a-box:  Wavefunctions (II)
Consider each wavefunction to be a de Broglie wave 

that must fit within the container. The permitted wavelengths satisfy:

1 2
  

2
According to the de Broglie relation, these wavelengths correspo

L
L n

n
l l= ´ � =

k

2
2

2 2

2n

k k

nd to:

the momenta: 
2

The particle has only kinetic energy (E ) inside the box (where V = 0):

1
E =  and E  so the permitted energies are:

2 2

E  with 1, 2,3
8
n

h nh
p p

L

p
mv p mv

m
h

n
mL

l
= � =

= � =

= =
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Particle-in-a-box: Wavefunctions (III)

(0) (0)

0,        0

0

So     

e e

2 sin 'sin

(ikx) (-ikx)

x

Ae Be A B

A B

= A[ - ]

= iA (kx)= A (kx)

y

y
y

= =

= + = +

= -

2 2 2 2

,     0  

0 sin( ) 0,

    sin( ) 0

If  sin( ) 0,  

then   (0),  ,  2 ,  3 ,

/ /

x = L =

A kL A

kL

kL

kL

k n L k n L

y

p p p

p p

�

¢ ¢= � =

� =

=

=

= � =

( )

Rem:  cos sin
k

ikx ikx

i

x Ae Be

e iq

y

q q

-= +

= +
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Particle-in-a-box: Energies
2 2 2 2 2

2

2 2 2
2 2 2

2 2

2
/    

2
/         ,   

But remember that we set:

Where:   

  
2

, 1,2,3.     

 is a quantum n

...

umber

..

. 

...
2

mE
k n L k

m

n

E n
n L E

mL

h
n

p

p
p

p

� �= = � �
� �

� � = � =� �
� �

= =

�

�
�

�

• Energy decreases as L increases…..
• Energy decreases as mass of particle increases

59

1D Energy levels
• En µµµµ n2

• “ladder” of unequally spaced rungs.

2
2 2

5 4 2

2

2

Transitions:

h
E -E  = (5 -4 ) 

8mL
Molecule needs this energy:

h
 = 9

8mL
Can get the energy from a photon: 

hc
 = h  =   [from ]

E

E

E c vn l
l

= D

D

D =

60

Size of the box……

• A narrow box has widely 
spaced E levels….

• This is the basis for many 
nanotech devices:
• Quantum dots.

• Lasers.

• Plasmonics.
• Nano-electronics.

• Molecular spectroscopy.
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Zero Point Energy

1) Uncertainty principle requires:
a particle to possess KE if it is confined to a finite region,
the location of the particle is not completely indefinite, so 
its momentum cannot be precisely zero � KE �  0.

2) If � = 0 at the walls, but smooth, continuous, and not zero 
everywhere, then it must be curved:

curvature in a wavefunction implies the possession of KE.

2 2 2

2
 is a quantum numb , 1, 2,3 er

n
note n 0, because k= . 

.........
2

n

L

E n n
mL

p

p

¹

= =
�
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Wavefunctions (1D-Box)

*

2

1/

2 2

0

0

2

0

2 2

Find A':

Remember particle is constratined to be in the

sin( ) sin   

1 sin 1   

 box.

 [Normali

1 2
sin ,

2
s

satio

   

i

n

n

2

]

n

n

L L

L

n x
L L

n x
A kx A

L

n x
A

L

n x
A LA A

L L

p
y

p
y

p
y y

p

� �¢ ¢= = � �
� �

� �¢

� � �= � �
� �

= =� �
� �

� �¢ ¢ ¢= =� �
�

\

�
�

� �� �

�

[For a particle in a 1D box]    �
� �
� �
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First six normalized wavefunctions

64

Properties of the wavefunction

2 2

2

2

2
( ) sin   

Probability density for 

a particle in a 1D box is:

[varies with positio

 

Fo

n of ]

 

 [R

r =0, ( ) 0,  

For x=0, ( ) em sin =0]0 

n x
x

L L

x

x

x

L p

p
y

y

y

� � � �= � � � �
� � � �

=

=
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Example: (I)
Calculate the probability that a particle will be found 
between 0.49L and 0.51L in a box of length L when it 
has (a) n = 1, (b) n = 2. Take the wavefunction to be a 
constant in this range.

1/2

2

2
sin

The value of dx is the probability of finding the particle 

in the small region d  lo

Step 1: equ

cated at x;

ation  

Step 2 method:

  therefore, the total probability of 

findi

 

n

n x
L L

x

p
y

y

� � � �= � � � �
� � � �

2

0.51L
2 2

0.49L

ng the particle in the specified region is the integral of d  over that regi

but we assume  constant in this reg

on:

P ion= dx,   P x ,n n

x

y

y

y y� » D�

66

Example (II)

2 2
1

2
2

2 1 (0.5 ) 2
PD sin

:  Probability = PD

2
Probability

Step 3:  for n=1, =0.02L, and 0.5L:

Remember

0.02L

Step 4:  for n=2, =0.02L, 

 = 0.04

2
Pr

and 0.

obability

5L:

L
L L L

L

x x

x

x x

x
L

y

y

p� � � �= = =� � � �
� � � �

´

� ´ =

D »

D

D

� �= ´ = � �
�

»

�
D

( )

2

2 2
2

2 (0.5 )
sin 0.02

2
Probability sin 0.02 0

L
L

L

L

p

py

� � ´� �
� �

� �� = = ´ =� �
� �
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Molecular example:  � -Carotene 

• Linear polyene (10 single & 11 double bonds ):
• Each CC bond length ~ 140 pm.
• Length (L) of the molecular box in � -carotene is L = 2.94 nm. 
• Each C atom contributes one p-electron to the �  orbitals (conjugation), 
• in the lowest energy state of the molecule, each level up to n = 11 is 

occupied by two electrons.

• What energy needed to promote an electron from n=11 to 
n=12?
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1D Box example: � -Carotene (II)

12 1

2 2 2 2 2

1

2 2
Step 1: Equations.....

Moving an electron from n=11 to n=12, needs energy 

= ,
2

:
8

n n h
E

m

E

L
E

L

E E

m
p

D

D = -

=
�

( )
2 34 2

2 2
2 31 9 2

6 2 2
2 -

7
19

31 1 28
2

(6.626 10 )
12 11 23

8 8 (9.11 10 ) (2.94 10 )

    

23 4.39 10
1.603 10 :  1 =1

8 (9.11 10 ) (8.64

Step 2: Input values: 

[Rem ]

What waveleng

Js
kg m

J s
J J kgm s

kg

th of

10 )

 ligh

m

t

h
E

mL

E

-

- -

-
-

- -

´
D = - = ´

´ ´ ´ ´

´ ´
D = = ´

´ ´ ´ ´

 does this correspond to?
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1D Box example: � -Carotene (I)

34 8

19

9

-1

 ,  c=  

hc
,  

(6.626 10 ) (2.998 10 )
1.603 10

    

1239 10

St

Js ms
J

m 1239

ep 1: Equations.....

rearra

 

49

n

nge to: 

The ex 7  

Visibl

periment

m

nmal

e li

 val

g

ue corresponds to

ht rad

 

i

vE hv v c
h

v
E E

l l

l

l

l
l

-

-

-

D = � =

= =
D D

´ ´ ´
=

´

= ´ =

=

ation, absorbs blue-green, looks red.

70

3rd year quantum:  4th Topic

• Tunnelling:
• Finite Potential wells.

• Solutions.

• Mass Effect. 
• Consequences of Tunnelling.

• Radioactive Decay.

• Scanning Tunnelling Microscopy.

• Understand and explain the concepts involved and the 
practical consequences.
• Section 9.3, Physical Chemistry, Atkins 8th ed., p.286.
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Wavefunction in a finite well (V �  � )

• If V of a particle does not �  � when it is in 
the walls, and E < V, 

• wavefunction does not decay abruptly to 
zero. 

• If the walls are thin:
• Such that V=0 again after a finite distance. 

• Wavefunction oscillates inside the box, 
varies smoothly inside the region 
representing the wall. 

• Oscillates again on the other side of the 
wall outside the box.
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Solution with V �  �
d

But V ,  so for particles with:
d

E V (lower energy than barrier) V-E is ve

General solution:  

Real functions, decay in the barrier

2 2

2

kx -kx

(V E ) 0......
2m x

Ce De , k 2m(V - E)

[ ]

y
y

y

- + - = ¹ ¥

< � +

= + =

�

�
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Light versus heavy particles 

• Electron.
• Hydrogen ion.
• Helium nuclei.

• Very Important in 
semiconductor manufacture.

• Limits the thinness of oxide 
insulators:
• Current leakage.

74

Consequences of Tunnelling

• Kinetics of H atom reactions:
• Arrhenius activation energy barrier.
• Proton transfer faster for H than D.

• Radioactivity:
• 238Uranium half-life 4.5 billion years.
• decays by 4.3 MeV a-particle emission.

• Scanning tunnelling microscope:
• Nobel Physics 1986 Binnig & Rohrer.

V0
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Tunnel effect

• ��������������������������
�� !��"����#��
��"$��
���
����
�������������������
���
"��"���������
� a ������
���
���
���������������� � �
��%�

• ��������� ���
������

�����
�
��� » &���%�

• '��
�������������������
������  �������������()* +),-�
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Radioactive decay: � emission 
• Inside nucleus, 	 particle feels:

• Strong, short-range attractive nuclear force. 
• Repulsive Coulomb force.
• Nuclear force dominates inside the nuclear radius where 

the potential is ~ a square well.
• Coulomb force dominates outside the nuclear radius.

• The potential barrier at the nuclear radius is several 
times greater than the energy of an 	 particle.

• However, the 	 particle can tunnel through the barrier: 
• This is observed as radioactive decay.
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Scanning Tunneling Microscope

• Schematic diagram
• www.iap.tuwien.ac.at/

www/Surface/
STM_Gallery/
stm_schematic.html.

• Single atom visualisation.

• ��������� �������� ����	

���	������������

���	�������

• �����	
����
���
�	����� ��
��
��
	��	������
��
���

��	�
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Scanning tunneling microscope

Images downloaded from IBM, Almaden, Calif.

48 Fe atoms arranged on 
a Cu (111) surface

Can rearrange to:

���
���������
�������
���
�������
� ���������
�
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3rd year quantum: 5th Topic

• 2D Translational Motion: 2D box.
• Separation of Variables technique. 
• Solution to 2D SWE. 
• Energy level diagrams.
• Degeneracy.
• 2D Wavefunctions.
• Simulation of 2D systems.

• Generate and sketch E-level diagrams. Understand concept of 
degeneracy. Know how to use separation of variables 
technique to get SWE solution. 
• Section 9.2, Physical Chemistry, Atkins 8th ed., p.283.
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2 Dimension solution
• Many applications in real 

world systems:
• Nanotechnology.
• Optical Waveguides.

• Electronics.

• Molecules.

• V = 0 except at walls 
where V = ¥

2 22

2 2 E
2m x y

y y
y

� �
- =� �

�

¶
+

�

¶
¶ ¶

�
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Separation of variables technique 

• Some partial differential equations can be simplified by the 
separation of variables technique:
• divides the equation into two or more ordinary differential equations, 

one for each variable. 

• For a 2D square well:
• test whether a 2D solution can be found by writing the wavefunction 

as a product of functions. 
• one depending only on x and the other only on y (STEP 1):

• With this substitution, we show that 2D eqn. separates into 
two ordinary differential equations: 
• one for each coordinate (STEP 2).

82

2 2 2 2

2 2

2 2

2 2

Assume wavefunction as a product of 2 functions:

Assume each independant, so SWE can

   ( , ) ( ) ( )

d d
     and 

 be s

 

plit into: 

Also:

       with  
2 d 2 d

XY
  

x y x y

x y X x Y y

X Y
E X E Y E E E

m x m x

Y
x x

y

y

=

- = - = = +

¶ ¶
= =

¶ ¶

� �

2 2 2 2

2 2

2 2 2 2 2 2

2 2

2 2

2 2

d XY d
     and    

d d

d d
     

2 2 d d
So: 

X Y
X

x y y y

X Y
E Y X EXY

m x y m x y

y

y y
y

¶ ¶
= =

¶ ¶

� � � �¶ ¶
- + = � - + =� � � �¶ ¶� � � �

� �

2D solution: step 1
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2D solution: step 2

!�����	"
������� �

.����)/���
�����	

2 2

22 2d
2d1 1 d

d
X Y

xX Y
m

E
y

+ = -
�

0�����1��������������������

2 2d d
d d22

X
2 2

Y2m 2m
........

1 X 1 Y
x y

E
......

X
.
Y

E
= - = -

� �
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2D solution: step 3
Then, because 
  = XYand E = EX+ EY, we obtain:

2�
�����������
���
��	�
�����������3�
������������4���������	�
��������� �

( )

( )

1 2

2
2 2

1 2 1 2 2

1 2
x,y1, 2

(1,2) (2,1)

(1,2) (2,1)

For L   L

E(n ,n )   n
8

2
sin sin

  E   E   bNote tha : t

 

t u :

 

n n

h
n

mL
n x n y

L L L
p p

y

y y

=

= +

=

=

¹
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Degeneracy 

• If there are two (or more) different wavefunctions 
corresponding to the same energy: 
• This energy level is said to be degenerate. 
• Degree of degeneracy is the number of distinct 

wavefunctions that correspond to the same energy. 

• Degeneracy arises when the Hamiltonian exhibits 
some kind of symmetry: 
• For 2D: it is unchanged if we interchange, x and y (for 

x=y). 
• If x �  y (not square), degeneracy would disappear. 

l ���
�������#$���$
�
�������
���������#$��%�����
� � ��
�&�����
�
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2D wavefunctions

• Wavefunctions for a particle 
confined to a rectangular surface:

- Contours of equal amplitude.

1 2

1 2

1 2

1 2

n  = 1, n  = 1, lowest energy state 

n  = 1, n  = 2,
 if , then degenerate 

n  = 2, n  = 1,

n  = 2, n  = 2,  

x y
	

=

�
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3rd year quantum: 6th Topic

• 3D Translational Motion: Quantum cube.
• Separation of Variables technique. 

• Solution to 3D SWE. 

• Energy level diagrams.
• Degeneracy.

• Quantum Dots.

• Know how to use separation of variables technique to get 
SWE solution. Generate and sketch E-level diagrams. 
Explain Quantum Dots.
• Section I9.2, Physical Chemistry, Atkins 8th ed., p.306.
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3D: solutions

• Same derivation as for 2D, just add extra terms.
• This has relevance for quantum dots & nanotechnology.

1 2 3

1/ 2

31 2
, ,

1 2 3 1 2 3

1 2 3

8
( , , ) sin sin sin

For a cube of dimensions: 0 ,   0 ,  0 ,   

n n n

n zn x n y
x y z

L L L L L L

x L y L z L

pp p� �
Y = � �

� �
£ £ £ £ £ £

1 2 3

22 2 2
31 2

2 2 2
1 2 3

1 2 3

For a particle of mass m confined to a cube of di

8

mensions: 

n n n

nn n h
E

L L L m

L L L

� �
= + +� �

� �

´ ´
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3D cube

( )

( )

1 2 3

1 2 3

2 2 2
x y z

2 2 2
x y z

2
2 2 2
1 2 32

1

 

8

(n + n

If then it's 

+n ) = 3   1

(n + n +n ) = 6,   :  

 2,   1;  

a special case and:

Many degenerate levels:

[111]   

[211] 3 degenerate levels

  

n n n

x y z

x y z y

L L L

h
E n n n

mL

n n n

n n n n

= =

= + +

= = =

= = =
2 2 2
x y z

2 2 2 2
x y z

2 2

 2,   1,  2,   1

(n + n +n ) = 9,    

(n + n +n ) = 

 

[221] 3 degenerate levels.

[311] 3 degen. levels. [222] 1 level.11,   12, 

  14,  [321] 6 degen. levels. [322] 3 d 17,  

x z z x y

i

i i

n n n n n

n

n n

= = = = = =

=

= =

�
� � egen. levels
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3D degeneracy:
• Increasing 

symmetry:
• More degenerate 

levels.

• For large n:
• Degeneracy µ n2
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Quantum Dots: 

• '�	
�������	��(�	����������
• ���� �	��
�������	���������
• )� ��	�
������	
����	��	���	

���
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Quantum Dots: energies

• Transfer of energy to a semiconductor increases the mobility 
of electrons in the material: 
• consider the movement of electron–hole pairs (excitons).
• 3 dimensions, coulombic field.

• SWE is complex, but solvable: 

                               

 

2 2

ex 2
h

e h

e

h 1 1 1.8e
E

8 4

radius of  Qdot (usually 2 -10 ),  permittivity of  medium.

mass electron, 

m

m mass hole speci

m

m es  

R

R

.

R

nm

pe

e

� �
= + -� �

� �

= =

= =
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3rd year quantum: 7th Topic

• Rotational Motion:
• Particle on a ring.

• Angular Momentum & Moments of Inertia. 

• Boundary Conditions. 
• Rotational Energies.

• SWE solution.

• Know how to use separation of variables technique to get 
SWE solution. Generate and sketch E-level diagrams.
• Section 9.6, Physical Chemistry, Atkins 8th ed., p.297.
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Rotation: system conditions 

• Body of mass m confined to a ring of radius R by V=0

• XY plane only

k

2
k

2

Total Energy = Kinetic energy (E ) 

E = ½

Rem: Momentum, 

  
2

BUT....not linear motion...so:

k

mv

p mv

p
E

m

=

� =
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Angular Momentum

• Angular momentum Jz = ± pr (p = mv):
• Momentum ́ Radius.
• ± term because you can have two different directions. 
• Clockwise, Anti-clockwise.

• Right Hand Rule:
• Fingers point in direction of travel.
• Thumb points in Jz direction.
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Moment of Inertia (I)

• Rotational inertia.

• Rotational analogue of 
mass for linear motion. 

• I must be specified with 
respect to a chosen axis of 
rotation.

• For a point mass: 
• I = mr2. 
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Rotational Energy:
2 2

2
2

What values allowed?...NOT ALL.

de Broglie:

otherwise:

destructive interf

  ,  mr  = I (   ) so   ....... 
2 2

 

  , 

eran

and  ,  

(0)= (2 )  

 can only have

c

 c

e.

z z
k k

z z

J J
E moment of inertia E

mr I

h hr
J pr J

p
l

l
y y p

l

= � =

= = ± � = ±

ertain values:

2
,  0,1,2,3l

l

r
m

m
p

l� = =
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Rotational Energy:

( )
2

22

2

2

Angular Momentum: 

[Quantisation]

Remember:

2
,  and  

    0, 1, 2   
2

  ,    ,   0,   

Remembe

1, 2
2 2

2 2
,   0, 1, 2..... r:    

2

l
l l

k

l

z
l

z

lz
k l

r hr
J

m

m h
J m m

mJ
E E m

mr mr

l m I mr
m

Ek I

p
l

l

p

= = ±

� = = = ± ±

= � = = ± ±

= ± ± ==

�

�

�
\\\ \
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Rotational Wavefunctions

• Combining some classical with the de Broglie 
relation: gives general form & exact energies.

• Need to use SWE to get exact wavefunctions.
• Boundary conditions:

• Particle confined to the xy plane.
• 
 (� )= 
 (� +2p).
• Mass m.

• Change to r, � co-ordinates
• One variable.
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Rotational: SWE solution, step1 

+ x = r cos �  and y = r sin �  

2mrI =

l �	��	%�*��+	
l ����	, ������

2 2 2

2 2Ĥ
2m x y

� �¶ ¶
= - +� �¶ ¶� �

�

2

2

2

22 2

2 2

2

1
r

1
x y r r r f

¶ ¶
+

� ¶� � �¶
¶

¶
+ = +� � � �¶ ¶� � � ¶ �¶



���������	�
���
������

��

101

Rotational: SWE solution, step 2

(56�-

Normalised 
general solutions

Condition for single value solutions

But:  Cyclic Boundary condition: 
 (, )= 
 (, - 2p)

l

l l l
l

l m1/ 2 1/ 2

im ( 2 ) im 2 im
2 im

m
e e e

( 2 ) ( )e
( 2 ) ( 2 )

f p f p
py f p y f

p p

+

+ = = =
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Rotational: SWE solution, step 3
i

2

As e 1,
2

We require (-1)   1,  

2  must be a +ve or -ve even integer (including 0),

Therefore   0,  1,  2,. . . 

( 2 ) (-1) ( )
lm

l

l

l
l

m
m

m

m

p

y f p y f

= - �

= �

= ± ±

+ =

• The real parts of the wavefunctions of a 
particle on a ring. 

• As shorter � ’s are achieved:
– magnitude of the angular momentum 

around the z-axis grows in steps of 
 . 
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Rotational: SWE solution, step 4

• The energy is quantized.
• The occurrence of ml as its 

square means that E is 
independent of the sense of 
rotation. 

( ) ( )

2 2

2 2

2 2

2 2

2
2

2

2

2 2 2 2

2

,   
2

2
0

0

1/ 2 exp

0, 1, 2, 3,

2 2

l

n l

l

l l
n

d
E

mr d

d mr E
d

d
m

d

im

m I mr

m m
E

mr I

y
y

f

y
y

f

y
y

f

y p f

- =

+ =

+ =

=

= ± ± ± =

= =

�

�

�

� �
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Rotational energies:

• States are doubly 
degenerate.

• Zero-point energy = 0:
• Particle can be somewhere 

on the ring….not known 
exactly…need angle �

• But can specify angular 
momentum exactly:

• Jz = ± pr
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Problem 1:
• Particle on a ring is a useful model for the motion of 

electrons around the porphine ring.
• Conjugated macrocycle that forms the structural basis of the 

haem group and the chlorophylls. 

• Can treat as a circular ring of radius 440 pm, with 22 
electrons in the conjugated system moving along the 
perimeter of the ring. 

• Assume that in the ground state of the molecule 
quantized each state is occupied by two electrons. 

N

N

NH NH

1. Calculate the energy and angular momentum of an electron in the  
highest occupied level. 

2. Calculate the wavelength of radiation that can induce a transition 
between the highest occupied and lowest unoccupied levels.
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Problem 1: Method (1)

2

2 2

S tep  1 : E nergy levels for ro tating  partic le:

W here I =   (m om ent o f inertia), 

A ngu lar m om entum , 

S tep  2 : F ill the

 fo r 0,

 energy

1, 2,

 lev

3, 4,

els w ith  e lectrons, 2

5 ..

 per level:

.. 
2

z l

l
l

m r

m
E m

I

J m

= = ± ± ± ± ±

=

�

�

[ ]
34 34

 H ighest occupied state =  5 .......

22  electrons  first 11 levels fil

.

5 5 (1 .055 10 ) 5.2

led .

Js J0 s75 1z

zl lm I m

J - -

� = ± =

� =

�

± = ± ´ ´ = ´

�

�
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Problem 1: Method (2)

2 12

31 12 2 49

2 2 34 2

5

2

pm m, 

k

,  440  440 10

(9.11 10 ) (440 10  ) 1.764 10

(5) 25 (1.055 10

Step 3: Calculate the moment of inertia (I): & then energy:

Step 4: Calculate the energy

)
2 2 1

g m kgm

Js

:

I mr r

I

E
I

-

- - -

-

±

= = = ´

= ´ ´ ´ = ´

´ ´
= =

´
� 67

49 49

1

2 2

2

2 2

9

2

5

-

J s
kgm kgm

2.78 10
.764 10 3.528 10

: J kgm s[Remember ]

J

 1  =1

7.88 10E

-

- -

-
±

´
=

´

= ´

�

´
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Problem 1: Method (3)

22 2 34 2 67

6 49

2

2

6 5

 

 

6

Step 5: Derive energy ( E) for transition. Highest occupied level, 5,

Lowest unoccupied 6  E=E E

Step 6: Calculate E :

(6) 36 (1.055 10 ) 4.00 10
2 2 1.764 10 3

Js J s
kgm .

l

l

E
I

m

m ±

- -

±

±

-

±

D = ±

� = ± �

´ ´ ´
= = =

´

D

´

-

�

( )

49

18
6

18 19 19

-

2

3

-

4 8

2 2

528 10

1.14 10 :  1 =1

1.14 10 7.88 10 3.

[Remember ] 

Step 7: Calculate E:

Step 8: From E=h  calculate wave

52 10

(6.62608  10  )(2.998  10  
 =

kgm

J  J kgm s

J J

Js m

length:

s
  = 

E

E

hc
E

n

l

-

-
±

- - -

´

= ´

D = ´ - ´ = ´

´

�

D

D

´
D

-
-

1

9

1
7

9

)
5.64 10

3.52 10  
 =  564 10 = 564 vi

m
J

m nm sible light. l

-

-

= ´
´

´
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3rd year quantum: 8th Topic

• Vibrational Motion: spectroscopy.
• Harmonic Oscillators. 

• Boundary Conditions. 

• Energy level diagrams / Zero-point energy.
• Wavefunctions.

• Probabilities.

• Know how to draw and calculate energy level diagrams.
• Section 9.4-5, Physical Chemistry, Atkins 8th ed., p.290-297.
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Vibrating System: Harmonic
• Particle undergoes harmonic motion if 

it experiences a restoring force (F) 
proportional to its displacement (x): 
• F=-kx (k=force constant)

• .�������
����������������
��������
(%-	
• .7+�%���

• � V = ½kx2

• Parabolic equation

111

Vibration…….Energies

2 2
2

2

1
......

2 2

Can't have infinitely large compressions or extensio

Schrodinger Wave Equation:

Boun

ns, only:

0,   at  

dary Conditions:

Permitted Energy Levels: 

 

1
( )     whe

2v

d
kx E

m dx

x

E v

y
y y

y

w

� �- + =� �
� �

= = ±¥

= + �

��

�

re  

specific to a particular molecule.

1
( )         0,1, 2,3, 4.

( )
(  )

........
2v

k
m

k
E v v

force constant
re

m

duced mass
w

w

=

=

= + =�
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Energy level array: harmonic oscillator

1   

where 

when  ~ atomic masses 

 significant.....

Vibrational spectro

Separation between adjacent levels is:

scopy:

. 

( )
(  )

v vE E

k
m

m

IR - absorption, Raman Scatt

force constant
reduced m

ering

ass

w

w

w

+ - =

=

�

�

�
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Zero Point energy: harmonic
• Because the smallest permitted value of v is 0,
• It follows that a harmonic oscillator has a zero-point energy:  

E0=½��
• Reasons: 

• Mathematically, v cannot be –ve otherwise � would be ill-behaved. 
• Physical reason same as for the particle in a square well: particle is 

confined � position is not completely uncertain� momentum (& 
KE), cannot be exactly zero. 

• In the zero-point state:
• particle fluctuates incessantly around its equilibrium position.
• classical mechanics would allow the particle to be perfectly still.
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Wavefunctions (I)

2 2
2

2

1
......

2 2

(

Schrodinger Wave Equation:

Has a solution 

) ( ) ( ),

where N a normalisation const

of the general form:

Precise Wavefu

ant.

d
kx E

m dx

x N polynomial in x bell - shaped Gaussian function

y
y y

y

� �- + =� �
� �

= ´ ´

�

��

0

1/422 2

The factor ( ) is a Hermite polynomial, and 

nction: 

1

( )/( ) ( ) ,   y= ,    

vH y H

xyx N H y ev v v mk
y aa

� �
� �
� �
� �

=

-= = �
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Wavefunctions (II)

• Gaussian function goes very strongly 
to zero as displacement increases:
• All wavefunctions 8�* at large 

displacements.

• y2 µ x2 × (mk)1/2, 
• � ’s decay faster for large masses and 

stiff springs.

• As v increases, Hermite polynomials 
become larger:
• � ’s grow large before the Gaussian 

function damps them down to zero.
• � ’s spread over a wider range as v

increases.

2 / 2( ) ( ) y
v v vx N H y ey -=
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Wavefunctions (III)

• Normalized wavefunctions:
• for the first 5 states of a 

harmonic oscillator. 

• No. of nodes is equal to v
• Alternate wavefunctions are:

• symmetrical or 
antisymmetrical 
about y = 0 (zero 
displacement). 
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Probabilities: (1)

• Probability distributions 
for:
• first five states of a harmonic 

oscillator and the state with v
= 20. 

• Regions of highest 
probability move towards 
the turning points of the 
classical motion as v
increases. 

• Fig. 9.26…..try it yourselves on the Atkins PC website
• http://ebooks.bfwpub.com/pchemoup.php
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Harmonic oscillators….

.���%$������� /����������	���������
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Harmonic oscillators….tunnelling 

• Wavefunctions can extend 
outside limits defined by 
harmonic oscillator
• Remember:  V��

Practical Example
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Atoms vibrate relative to one another in molecules with the bond 
acting like a spring. For X—H: where a heavy X atom forms a 
stationary anchor for the very light H atom…only the H atom 
moves, vibrating as a simple harmonic oscillator.

-1

-

1 35 27

14

0

1 2

2

1
( )         0,1,2,....

2

k = 516.3  for H Cl bond, Mass (proton) ~ 1.7 10 , 

 5.5 10   (5.5 10  )

[all

.

 b

o

Nm kg

s T

etween adjacent levels:   = 5.8 10  (58 

wed vib. E level

Hz

J

s]

z ,J

v

k
E v v

m

E

w

w

-

-

= + =

´

� » ´ = ´

D ´

�

�
-1

-1

Corresponds to  which is chemically significant.

Zero-point energy of this molecular oscill

 ~ 0.36 ). 

 35 ,  

 ~ 30 , ~0.

eV

kJmol

zJ eV2  = 15 kJmoat lor .


