_3“3' year quantum: 1st Topic

- Failure of Classical Mechanics:
» Black Body Radiation & UV Catastrophe.
» Heat Capacities.
* Photoelectric Effect.
» Spectroscopic evidence.
« Diffraction of Electrons.
» Wave-Particle Duality: De Broglie Relationship.
- Understand and explain the evidence for quantum theory &
the De Broglie Relationship.
e Section 8.1-2, Physical Chemistry, Atkins 8th ed., p.243.

_ Density of states dz=pdid

- (rho) = thedensity of states
* is the proportionality constant betweenashd the energy density
dE, in the range of wavelengths betweeand +d ,

« kis Boltzmann’s constankE 1.381 x 133 J K1).
¢ Units of areJm*.
* gives an energy densitfdin J m® when multiplied by a
wavelength range dn metres.
- Alarge at simply means:

« there is a lot of energy associated with wavelengths lyatgeen
and +d .

BB B/ack body radiation (1)

- As temperature increases:

» Energy density increases in
shorter wavelength regions.

» Peak shifts to shorter
wavelengths.

» Total energy densitytlfe area
under the curveincreases
casT.

Energy distribution, p

Wavelength, 4

h- Ultraviolet catastrophe!

Rayleigh—Jeans law predicts an
infinite energy density at short
wavelengths.

dE=rd ro=

Even cool objects should radiate
and so should never be dark.....
-- UV etc. @ room temp.

Energy density, £

N || Rayleigh-
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BB P'anck distribution (1)

- Emitted energy to be limited to
discrete values:

* Quantization of enerqy
e E=nm,n=0,1,2,.......

PHBkT) N he)'y
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_ Heat capacities (I)

- Why?

capacity of a solid:

displacement.
e Can oscillate in 3D,
e the average E of each atom Isl'3
o for Natoms total E = NKT.

- Dulong & Petit proposed that the molar heat
capacities of all monatomic solids are the same
and (in modern units) close to 25! mol?*.

- Equipartition principle used to calculate the heat

* the mean energy of an atom as it oscillates about i
mean position in a solid IsT for each direction of

BBy Planck distribution () |, -___82he

- /5(ehc// KT _ 1)

- For shortll : - Forlongll :
* hd kT>>1 « hd kT<< 1,
o kT * The denominator in the

Planck distribution can be
replaced by:

- fasterthan® O;

. 0 as 0

. or . o he he
e.rrn'."/..l'l _ 1 - {1 +—t - 4]— l =

- Energy density approac AKT AKT
zero at high frequencies;

» Agrees with observation. I This is the same as
Rayleigh-Jeans law.

h Heat capacity (Il)

Contribution of this motion to the molarternal energy is therefor:
|U,,=3N,KT =3RT becaus®\,k =R (the gesnstank

The molar constant volume heat capacity is then predicted to be:

- ﬂU — — -1 -1
Cv,m - 1]_Tm =3R=24.9J K" mol Dulong and Petit
—TRoom ||
BUT ......... temperature

measurements

N

» Does not hold @ low. Temp.
* Cv,mapproaches 0 as TO K.
* Why?

=y

Vlolar heat capacity, C,,/R

o

Temperature, T —>




_ Heat capacities (lll)

- Einstein (1905):
« assumed that each atom oscillated about its equilibrium
position with a single frequency[Quantization AGAIN ]

« invoked Planck’s hypothesis to assert that the E of
oscillation is confined to discrete values, (B, wheren

is an integer). . TN
- New energy equation: m = kT _ |

S ) Il 2 ebul2T 2
- Molar heat capacity: |c, =3rf f= [?E} [m]
9
_ Photoelectric effect
Photoelectrons
A Energy needed N
electran from -
metal
hv|
@ @
hv
Electrons only appear after certaimenergy..
Lights acts like particles....PHOTONS. o N

« Work functionF:
» energy required to remove an electron from the hetafinity

Heinrich Hertz 1887.

h Heat capacities (V)
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h Living graphs (#26...Atkins)
retum to original worksheet Dlev= |—2.09 —225 23 1 2
v E rnEU =m-f

/,

Graph X026.1

0 0.0005 0.001

(1/4)/ nm™

0.002 0.0025 0.003

Use this to explore the values & consequences of the PE effect.
http:/lwww.lon-capa.org/~mmp/kap28/PhotoEffect/photo.htm
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_Atomic & molecular spectra

« Not a broad continuum

- Band structure

z - Absorption/Emission of discrete
£ photons

e AVAVA

e

Wavelength, A/nm . i
‘”."I."ﬂ"."u"u"."u”.I"J‘u:‘."n}u"."u"."h"u”."\.”u;'.“
D n Ed |
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_Estimating de Broglie Wavelength (1)

- Estimate wavelength of electrons that have been accelerate¢
from rest through a 40 kV potential difference.
Step 1: Manipulate the equati&

E acquired by accelerated through aeptital difference V is e
After acceleration, all the acquired egyeis kinetic energy (E ):

SoE, = % m V' = g /i _(remenber p = my....

_P _ h_
So = eV, 2m eV, and deBrodlie— =
E 2m, p m gl 0
/= h

\J2m.eV
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hWave-PartiCIe Duality Elegtran

- Diffraction of electrons:
» Behave like waves.
- DeBroglie suggested (1924):

* any particle travelling with a linear
momentunmp should have (in some
sense) a wavelength given by :

/ :% De Broglie Relationshiy

|/ electrons

Short wavelength,
high momentum

14

hEstimating de Broglie Wavelen

h
= ,next Input values:

Jameev
/- 6.626 10* Js
J2° (9.109 10* kg)(1.609 1# C)4.0 10 V)
_ _ 6.626 10% Js Remember that: 1VC:1J_
J1.1725 10" kgCV 1J=1kgm¥
o/ - 6:626 10% kgri$ s _ 6.626 10™ kg

11725 10" kgkgm € 1.084 10” kgnts

|/ =6.117 10”* m (-6 picometelfs)

shorter than typical bond lengths in molecules ¢~fin).

Electrons accelerated in this way are used inettenique of

electron diffraction for the determinati of molecular structur

16




_Correspondence Principle

- States that classical mechanics emerges from quan
mechanics akigh guantum numbersare reached:
» De Broglie: 1g mass, Ins®:

Step 1:Manipulate the equations:

Momentum £ ) = mv, {]—

, 34
N - 6'6323 10 ‘]S_l Rem: 1J = 1kgnf &
r (1"10°kg) (Ims

/ =6.626 10" m.

So/
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h-SWE equation (I).........

| Single particle of mass m, moving in 1 dimension,
with energy E.

| Based on Partial Differential Equations.
R Q2 -

2m

19

h3rd year quantum: 2" Topic

- Schrédinger Wave Equation:
e Equation & Notation.
e Wavefunctions & Probability.
« Normalisation.
» General properties of solutions.
« Born Interpretation & Probability.
« Uncertainty Principle.
- Understand and be able to explain SWE, nature of
wavefunctions, Born Interpretation, uncertaintynpiple.
e Section 8.3-8.7, Physical Chemistry, Atkins 8th ed., p.254.
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BBy S\VE equation (1l).........

- Two parts to understanding SWE:

’ Energies: Trajector
e SWE allows us to calculate E values. J Y
e Can be measureé\idencg

e Spectroscopy.

/Wavefunction

- Wavefunctions:
* Mathematical tool.
Probabilities.

» Used to formulate orbitals.....bonding.
 Selection rules in spectroscopy.

20




_Wavefunctions

- A wavefunction () is a mathematical function
obtained by solving the Schrodinger equation and

system.

« It allows one to predict where a patrticle is likadybe
(probability).

 In chemistry it tells us where the electrons go 3&hem)

which contains all the dynamical information abaut

* It's like amapof where the particle is at any point in time.

21

h Use SWE to develop de Broglie eqgn. (I1)

d’ 2m 2m(E-V
dxllz/ = —?(E—V)l//: Iet IE :(—2)
Rearrange to:

dy

+k? =0, and solve to ger. = *&

X2
We can use: '€= cgsti gn to write:
y =coskx+ i sinkx

Remember =/ -

23

h Use SWE to develop de Broglie eqn. (1)

De Broglie Relation 3/ =D
p

relates momentum of a particle with wavelength

h* d?

freely moving particle in a region
with constant potential enerdy

W
+V(x)y=E
2 dx2 (x)y=Ey :@

22

h Use SWE to develop de Broglie eqn. (lll)

ikx .
Ime" =sin kx
b

Y
| 5\
N 0 fﬂ'@
(W] If I| | [ENAT f I| II

Wawvefunction,

Re e = cos kx

- Real (purple)
- Imaginary (green)
- Parts of a free particle

wavefunction.

- Corresponding to

motion towards +ve.
» Wavelength
e =2k

24




_Use SWE to develop de Broglie eqn. (1V)
E-V is equal to the K.E. of the particle(E ). |

sok=\/(@mE /7). @ = 2MEV)

2
E« = . Because E P , it follows th
2m 2m

1
p=k andrememberthat g2 /k E, = Em\f
Therefore, the linear momentum (p) is related
to the wavelength of the wavefunction by:

2p. h_h . .
= —" —= — (de Broglie relation
p=- > ( g )
_Complex Conjugates

- The wavefunction can be complex, such that:
Y=a+ib

. ~ wherei =+- 1
Y =a-ib

Y'Y = Real Numbe

- So sometimes we multiply by complex conjugate
instead of squaring wavefunctions:
» Especially for probability densities.
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h Born Interpretation

- Analogy with the wave theory of light:

 square of the amplitude of an EM wave in a reg#on i
interpreted as its intensity.

« therefore ih quantum termsas a measure of the
probability of finding a photon in that region.
- For wavefunctions:
« square of the wavefunction (or the square modiilfss
* if is complex).
 Value of| |?at a point is proportional to the probability
of finding the particle in a region around that point.

26

h Probability density — 1Dimension

_yj 19X - Wavefunction :
7N probability amplitude
|uf|’f; k/,Prcst:ﬁ:l:'ili‘f‘pf - Probability of finding a
[0 = lvldx particle in the region dx
; . located at x is proportional

N A to| Rox.
/ ] \%_ - Square modulus

Px x+dx (* or|P)

: ' probability density.

28




R Probability density

If\/__,-Wavefunction - The sign of a wavefunction
/' ~\  Probability has no direct physical
n',ﬂ", |\ _~density .

\ | G significance:

* +VE & -VE regions of .

» same probability distribution.
 square modulus of.

|  depicted by the density of
II shading.
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_ Polar co-ordinates: Spherical systems

z

- Use polar co-ordinates:
» = co-latitudgNorth-South].
* / = azimuth[East-West].
* r = radius (fixed).

- 2 boundaries:
cy()=y( +2p).
cy()=y( +2p).

X=rsin cos ,y=rsin sin , z=rcos .

31

h Probability density — 3Dimensions

- Born Interpretation:

- probability of finding the
particle:

* in the volume element d&-
dxdydz.

 at some location r.

« is proportional to the product

of d and the value of ] at
that location.

30

h Normalisation (1)

- A mathematical feature of the SWE is that:
e if is asolution,thensol¥ .
* whereN is any constant.

- This freedom to vary by a constant factor means:
» Always possible to find aormalization constant, N.

* Such that the proportionality of the Born interptain
becomes an equality (=1).

* Very important for practical application of SWE.

32




h-NormaIisation (11

- Find the normalization constant by noting that,dor
normalized wavefunctioN :
* the probability that a particle is in the region d
* =(N *)(N )dx (takingN to be real).
* the sum over all space of these individual prolisds|= 1
* (particle has to be somewhgre

Almost all wavefunctions

{==] l
Nzi
NZJ ﬁ{)"*llifdx:l I:> H" . ]”z go to zero at
yypdx

sufficiently great distance

—o

33

_Normallsatlon (IV): 3D spherical

rsin 8d s [
dr W yr? sin 6drd6dg =1
0

040
rd¢ J
2 -

o2

*X=rsin cos ,y=rsin sin ,z=
cos .

* Volume element is:

ed =r2sin drd d .
— < To cover all space:

* Radius f) ranges from 0
* Colatitude () ranges 0 2
e Azimuth ( ), ranges 0 2

r

35

h Normalisation (ll1)

N:— evaluate the integral,

co " "*||find the value oN
_m"y 4 ‘normalize’ the wavefunction.

[ 1
J [ [ vy dxdydz= 1 3D system

I where d = dxdydz
limits of definite integral are not written expligi
f y*ydr=1| |Integrate over all space accessible to the parti

(@)
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h Solutions to SWE (wavefunctions)
- Wavefunction must be:
* Single-valued.

]

X (b) « Continuous.

el

A

- None of these are real
solutions.

(c)

36




_Information in a wavefunction

- Operators, eigenvalues, & eigenfunctions.
- Hermitian operators.

- Probability density.

- Superpositions & expectation values.

Hy=FEy H=———

37

_ Uncertainty

- Itis impossible to specify simultaneously, wittigmary
precision, both the momentum (p) and the positice o
particle.

_

(a)

()

39

hWavefunctions (energies)

[l - ltis possible to infer the
‘ average kinetic energy (KE)
of a particle by noting the

High curvature, average curvature of the

high kinetic .
energy wavefunction.

- Observed KE of a particle:
Low curvature,  an average of contributions
LT ‘ from the entire space covered

energy .
w I| |\ by the wavefunction.

III III

[\
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h Uncertainty Principle

- Well-defined position:

« The wavefunction is a sharply spiked
function that has zero amplitude
everywhere except at the particles

Location o
of particle position.

4 | Position, x> mal:g 1
2

pis the ‘uncertainty’ in the linear momentum

parallel to the axig, and
gis the uncertainty in position along that axis.

Probability density, v"—>

40




h-Superposition of wavefunctions

21 - Superposition of severak of
definitel :

« interfere constructively in one place.
< destructively elsewhere.

- As more 's are used in the
superposition (1,2....... ),
Location becomes more precise
at the expense of uncertainty in
the particle’s momentum.

number of s needed to

construct the wavefunction of a

perfectly localized particld

y=n

p

a1

_Using the Uncertainty principle

Calculate the min. uncertainty in its position.

Speed of a projectile of mass 1.& known to within Jums?.

1
2mDv
EstimateDp fronmDv, wherdv is the uncertaintytie speed.
Then estimate the min. unt&nty in positionDq.

1 _ 1.055 D™ Js
2mDv 2" (1.0 10 kg) (1 10ms’)

Dg 35 10”°m [Remember:1 J = 1kgm?’s? ]
If mmuch smaller (like aelectron) therbg much grater
relativeto the ste of an atom.

Step 1:DpDq 3% ..... rearrange t@q:3 21 Dqs3

Step2: Dq 3

43

hConstraints of the uncertainty principle

Table 8.2* Constraints of the

uncertainty principle ° Can’t measure W|th

Variable 2 x ¥ z P. Py P-

Variable 1

momentum in same

- m oW oM o= ok
W

direction.

* Pairs of observables that cannot be determined
simultaneously with arbitrary precision are
marked with a white rectangle; all others are
unrestricted.

precision the position &

a2

h3rd year quantum: 3" Topic

- Translational MotionlD simplest case

 Particle in a box.

Boundary Conditions.

Wavefunctions from de Broglie.

Zero Point Energy.

» Energy Levels and Transitions.

Factors Influencing energies & wavefunctions.

Understand and be able to solve/use SWE for 1D, case

Calculate and draw E-level diagrams / Wavefunctions

e Section 9.1, Physical Chemistry, Atkins 8th ed., p.277.

a4




h-TransIationaI motion (1D)

Particle of masmfree to B2 42
move parallel tx-axis + |————+Vix)y=Ey

with zero P.E.Y = 0).
S N -
2m(E-V)

W 42 _
B 'r‘:': Ey Where k = -
2m dx-

p. 255 Akins.

1L

Solutions have the form:

) . kZ 2
y = A +Be™ E=
2m

, A andB constan

45

_ Probability density (1D-translation)

I Where’s the particle? " - k2h?
y=Ael + Be E=

| Calculate PD. 2m

What if B=0, then =Aeg*x L____:i:::E7

It,{)rlz — (Aeikr}wiﬂeiﬂx) — {A#e—i.bc) (Aeih‘} — |A |2

This probability density is independentof
so, wherever we look along tkeaxis.
there is an equal probability of finding the pdetic
we cannot predict where we will find the particle.

a7

h-TransIationaI motion (1D)-proof

Toshowyy =A&+B & ,A an® constants a corsedn.
Substitute into LHS of equation and cionf that we obtain ¥

— Math reminder:

&y o d

- =————(Ae™ + Be ™) For a function:
2m dx? 2m dx?
" y =be™, then:
__L 142 Likx a2 ik
= zm{Ahk)e + B(—ik)%e &} dl:(a' by &,
dx
i . . 2
— I_(Aelk.\'_'_Be—lkx:] :Ew. dy - (a' d b) élx

2m e

46

h Probability density (1D-translation)

_ _ K
Case 2: A=B 4| y=Aet+Bec E=—r

2m
y=A(e* + %) = 24 cos kx

1

|y|2 =(2Acoskx) (2Acos kd |4|2A cos

- Prob. Density now has a periodic dependence on x.

48




_ Probability density (1D-translation)

/\ . E&\_\ . 7\1{ /\
avac

Re e = cos kx

coskx cos kx
N / ./\\
'\' \"*J I*J t,f \/
=ezwaus

(b)

- PD varies periodically between 0

and 4A%

- When PD =0:

« nodesn the wavefunction:
¢ apoint where passeshroughO.
« particles never found at the nodes.

- Nodes are defined in terms of the

probability amplitude:
« the wavefunction itself.

- PD never passdhroughzero

because it cannot be negative.

49

_ Particle-in-a-box (or well)

- System Info:

* Particle moves in 1 D (+/- x)
* Length of Box: 0 x L.
 Potential Energy Barrier at O, L:
* V= (particle can't penetrate).
- Inside well V= 0.
- Two cases to solve:
* Outside.

Potential energy, V

o

* Inside.

BB Exact solutions of SWE

i i 2,2 2
Particle in a box, ) Cn=1 2 3
V =0 for O<x< L "oo2ml?
Particle in parabolic V

kx? k

= E, = 2) = =0,1 2

V== ,=(v+Y2) \/; v

= vibrational energy
Particle on ring

V=0 Ejzm'2| m=0+1¢% 2.
rotationalenergy
Particle in coulombic V
2 4
= E = —gsrs: n=123
(4pe,n) 3n’p’e;

H-atom, electronic energy

50

hParticIe-in-a—box: outside

2 dZJ/
-———Z + (V- Ely= 0...... But V¥ |, so:
2m dx (V- By

Since V® ¥ ,we can ignore E andz— terms,
m

dy

dx?

J= 0, so this implies) |2: 0,

-Vy=0, and as W ¥ W =20

S0 no numerical solution.
Particle does not exist outgithox or well for which Of
Particle is confined to remain idsi

51

52




_Particle-in-a—box: inside (1)

Step 1 : Rearrange SW equation & inpatindary conditior

2 2
. 9%, v- By= 0...But V=0, so:
m

2m dx
2 dZJ/
- — Ey= 0, Rearrange to:
2m dx¥ 4 g
d? 2mE 2mE
di:+ Ay =0, letk? = 20
SO,
d’y

+k% =0, Have to solve this.

dx?

53

_Particle-in-a—box: Wavefunctions (1)

. k2 2
x)=C sinkx+ D coskx, =
V1 (X) E om

- For a free particle, any value Bf corresponds to an
acceptable solution.

- However, particle is confined within a region, the
acceptable wavefunctions must satisfy certain

at certain locations:
* =0, wherev= ,atx<0andx>L.
- Principle of quantisation.

boundary conditions, or constraints on the function

55

hParticIe-in-a—box: inside (Il)

d’y
dx

—— +k% =0, Have to solve thi

General solnyy = Ad<X + Bg |

kx

V. = A(coskx+ isinkx} B(coskx isink

=(A+B)coskx (A B)isinkx

g L

V (x)=Csinkx+ Dcoskx,

IE:

k2 2
2m

54

h- Particle-in-a-box: Wavefunctions (ll)

Consider each wavefunction to be a de Broglie wave
that must fit within the container. Ttpermitted wavelengths satisfy

L:nxl/l = A=
2

2L

n

h
the momentip = —= p=—

nh

A 2L

2

According to the de Broglie relation, these wavelérs correspid to:

The particle has only kinetic energy (Enkide the box (where V = (

E, :%mvz anqgp =mv=E, = ;; so the permitted energies are:
m
212
L= ithn=1,2,3
8mL

56




h- Particle-in-a-box: Wavefunctions (lll)

P /"1\ /L y (x) = Ad* + Be™

v W\ Rem: €7 = cog +i sig

x=L, y=0

y =0, x=0 0= AlsinkL) A& 0,
0=AY +B&” = A+ B sinkL)= 0
So A=-B If  sin(kL) =0,
y = A[ €. ] then kL= (0).p, 2 .B
y = AAsinkq) = A'sitkx) |k=np/L K =rfp?/ 12

57

BN LD Energy levels . .
- E u n? //gﬁsfrgg"y
energies
» ‘“ladder” of unequally spaced rungs. 81 9
Transitions:
@ h2 _ 64 8
E--E, =(5-4)——-=DE T
5Ea = )8mL2 9% a0 ;
Molecule needs this energy: %
2 36 6
DE =9 h 3
8mL 25 5
Can get the energy from a photdg 16 4
hc 9 s
DE =hn =— [fromc=V/ ] 4 2
/ o1 1
59

hParticIe-in-a—box: Energies

k? =n?p?/ > But remember that we sd¢ = 2n;E
2mE 2,272 np® ?
=n°p°/L E=———,
2 P 2mL?
h
Where: =—,n=123......
20

nis a quantumumber

- Energy decreases hsncreases.....
- Energy decreases as mass of particle increases

58

Energy ——>

hSize of the box......
(a)

) - A narrow box has widely

spaced E levels....

— B - This is the basis for many

nanotech devices:
‘ e Quantum dots.
— 1 » Lasers.
" . « Plasmonics.
| D + Nano-electronics.

- Molecular spectroscopy.

60




_Zero Point Energy _Wavefunctions (1D-Box)
_n*p* . o .. npx . )
E = n=12,3....... n is a quantum numney Y, = Asin(kx) = A&in - Find A"
note n' 0, because Q{i _ Remember particle is constratined to be inttbr.
—— . L L L, npXx o
1) Uncertainty principle requires: yy =1 A€ sin> == =1 [Normalisatia]
a particle to possess KE if it is confined to atéimegion, 0 0 L
the location of the particle is not completely ifidige, so L no X 1 2
its momentum cannot be precisely zerKE 0. A€ sin2 PX _2 A ¢, A ﬁ\/:
2) If =0 atthe walls, but smooth, continuous, and ect z 0 L 2
everywhere, then it must be curved: 1/2
curvature in a wavefunction implies the possessfdfE. = 2 sin nox [For a particle in a 1D box
" L L
_First six normalized wavefunctions h Properties of the wavefunction

' Probability density for /)
g \//\\/Q ° E\]\//\\//\ a particle in a 1D box is: /

vl

0.2 0.4 06 0.8 1 36 6 0.2 04 06 0.8 1 2 . npx
x/L x/L 2 2
_ X)= — sin® ==
| IR o
go H . g \/ [varies with positio of X]
) 0z 04 06 o.s 1 o lzo,z 0.4 0.6 o0.8 1 Fd X:O, y 2 (X) = O, i
1 — 1 Y . (b}
- “ For x=0, y? L )=0[Rem sinp =0 -”i =
. (=D o ST ——4 -,",=1 -

o 0.2 0.4 0.6 0.8 1 o 0.2 0.4 0.6 0.8 1 (c)
/L /L
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_ Example: (1)

Calculate the probability that a particle will muhd
between 0.40and 0.51 in a box of length. when it
has (an =1, (b)n = 2. Take the wavefunction to be a
constant in this range.

1/2

Step 1: eqation y, = % sin

no x

L

Step 2 methodThe value ofy ? dx is the probability of finding the particle

in the small regionxi tmated at x;therefore, the total probability of

finding the particle in the specified regiisrthe integral o/ > @ over that regi:
0.51L

P=  yZdx,but we assumg constantin thisieeg P »y ’Dx,

0.49L
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_Molecular example: -Carotene

ETE VNG 6 16 6 e

1 B-Carotene

- Linear polyene (10 single & 11 double bonds ):
« Each CC bond length ~ 140n.
« Length () of the molecular box in-carotene i4 = 2.94nm.
e Each C atom contributes opeelectron to the orbitals (conjugation),
« in the lowest energy state of the molecule, each level ngtbl is

occupied by two electrons.

- What energy needed to promote an electron fref to

n=12?

67

h Example (Il)

Step 3: for n=1pPx =0.02L, and» 0.5L:

PD=y/ = % sin? —]’U(OL'EL) :fz

Remember Probability = PD Dx

Probability= % 0.02L= 0.04

Step 4: for n=2Px =0.02landx» O5L:

Probability =y 2* Dx= % sin? %"r’") © 0.02||

. 2 .
Probability=y 2 = = sirf 0.0z 0
lity=y 7 = = sirf () =
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h 1D Box example: -Carotene (Il)
r]2102 2: n2h2

2mL*>  8mL?’

Moving an electron from n=11 to n=12, needs enddgy.
DE =E,, - E;

Step 1: Equations..E.=

Step 2: Input values:

_ ) h® (6.626 10**Js¥
DE =(12 - 1£) 3§ @11 10%g) (294 10m )

smi2

_ 23 439 10°¥7¢
8 (9.11 10*kg) (8.6410 ®m?)
What wavelenth of light does this correspond to?

DE =1.603" 10®J[Rem: 1 =kgni §]
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th Box example: -Carotene (l)

Step 1: Equations...DE =hv, c=/v [ = %

_h , _ hc
v=——, rearrange to:/ =—
DE DE

/ = (6.626" 10**Js) (2.998 1bms' )
1.603 10™J

/ =1239" 10°m=1239nm
The experimenal value corresponds tb = 497 nm
Visible light radation, absorbs blue-green, looks n
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h3rd year quantum: 4% Topic

« Tunnelling:

* Finite Potential wells.
 Solutions.
» Mass Effect.
» Consequences of Tunnelling.
» Radioactive Decay.
* Scanning Tunnelling Microscopy.
- Understand and explain the concepts involved aad th
practical consequences.
 Section 9.3, Physical Chemistry, Atkirfs &d., p.286.

_Wavefunction in a finite well (V)

- If V of a particle does not  when itis in N lf |
the walls, andE <V,

- wavefunction does not decay abruptly to
zero.

Wavefunction

- If the walls are thin:
* Such that V=0 again after a finite distance. \ Iu'

- Wavefunction oscillates inside the box, EllV

|
]H|[|__\_/\

varies smoothly inside the region
representing the wall.

- Oscillates again on the other side of the
wall outside the box.
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BB Solution with V/

2mdx¥

E <V (lower energy than barrier) V-Eis ve
General solutiony =Cé* + D&, k =./ 2m(V - E)
[ Real functions, decay in the barfier

2 d2)/
-——=+ (V- Ey= 0...But\A¥ | so for particles witl

Incident wave S e

\ > n=2 ‘s"

Transmitted

wave
ave

+_‘___ g //7\\\
\

1

Reflected wave 0 L
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hConsequenceS of Tunnelling

Heavy Light - Electron. - Kinetics of H atom reactions: —A—> —A>
particle particle . . . . .

/ - Hydrogen ion.  Arrhenius activation energy barrier.

* Proton transfer faster for H than D.

« Helium nuclei.
- Radioactivity: —A\—> —A>

_ Light versus heavy particles

S| |
g
2] ’ + Very Important in « 238Jranium half-life 4.5 billion years.
2| | sgn?lconducFor manufac‘Fure - decays by 4.3 Me¥-particle emission.

J + Limits the thinness of oxide - Scanning tunnelling microscope:

insulators:
% - Current leakage. * Nobel Physics 1986 Binnig & Rohrer.
X
73 74
_Tunnel effect hRadioactive decay: emission
. 7 - Inside nucleus, particle feels:
" # "$ -  Strong, short-range attractive nuclear force.
B f Soulomb potendal * Repulsive Coulomb force.
a L \\ * Nuclear force dominates inside the nuclear radivesre/
% Ve = I / the potential is ~ a square well.
i R B E » Coulomb force dominates outside the nuclear radius.
»& Y% - The potential barrier at the nuclear radius is sdve
[ times greater than the energy of aparticle.
0* - - However, the particle can tunnel through the barrief:
 This is observed as radioactive decay.
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_Scanning Tunneling Microscope

- Schematic diagram

* www.iap.tuwien.ac.at/
www/Surface/
STM_Gallery/
stm_schematic.html.

- Single atom visualisation.

7

_3“3' year quantum: 5™ Topic

- 2D Translational Motion2D box
» Separation of Variables technique.
* Solution to 2D SWE.
» Energy level diagrams.
* Degeneracy.
» 2D Wavefunctions.
» Simulation of 2D systems.

- Generate and sketch E-level diagrams. Understamzepod of
degeneracy. Know how to use separation of variables
technique to get SWE solution.

e Section 9.2, Physical Chemistry, Atkins 8th ed., p.283.
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hScanning tunneling microscope

48 Fe atoms arranged on
a Cu (111) surface

Can rearrange to:

Images downloaded from IBM, Almaden, Calif.
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hZ Dimension solution

Many applications in real
world systems:
» Nanotechnology.
» Optical Waveguides.
* Electronics.
* Molecules.
- V =0 except at walls
where V =¥

R 2
2m X 1Y

Ey
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_Separation of variables technique

separation of variables technique

one for each variable.
- For a 2D square well:

as a product of functions.
< one depending only anand the other only on(STEP 1):

two ordinary differential equations:
 one for each coordinate (STEP 2).

- Some partial differential equations can be simguifby the

« divides the equation into two or more ordinary differential equati

« test whether a 2D solution can be found by writing the wavefunctig

- With this substitution, we show that 2D eqn. sefgsrato
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_ZD solution: step 2

— [1dX 1dY_ 2m
[ e p——
" X dx? Y dy? 2

o 1 |
1d°X _ 2mE, 1d’Y_  2nE,
e T Y o7 >

)
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h-ZD solution: step 1

Also:

2

%2

E X and

XY X
ez =Y >
x dx

Assume wavefunction as a product of 2 functions(x, y)= X(X)Y( )

Assume each independant, so SWE lbarplit into:
2 d*X _

2mdé © 2mdy¥

and

2 2
9Y_ EVY wihE E+ E

T _ XY _ dY

w1y dy’

2 2 2
|:> X YT
2m\ dx dy
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hZD solution: step 3

w

Then, because = XYandE = EX+ EY, we obtain:

Forlh = Lo

E(nyn,) = (nf+ 1)

2 . mpx . mpy
xy) =—Sin——— sin———=
ynl,nz( y) L L L

h2
8mlL?

Note tha :E,, = E,, ht:

1
Vaay =V ey
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_ Degeneracy

- If there are two (or more) different wavefunctions
corresponding to the same energy:
» This energy level is said to lbegenerate
» Degree of degeneracy is the number of distinct
wavefunctions that correspond to the same energy.
- Degeneracy arises when the Hamiltonian exhibits
some kind oBymmetry:
» For 2D: it is unchanged if we interchange, x ar{tby
X=Y).
* Ifx y (notsquare), degeneracy would disappear.
#$ $ #$ % &
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_3“3' year quantum: 6™ Topic

- 3D Translational MotionQuantum cube
» Separation of Variables technique.
» Solution to 3D SWE.
» Energy level diagrams.
* Degeneracy.
* Quantum Dots.

- Know how to use separation of variables techniquget
SWE solution. Generate and sketch E-level diagrams.
Explain Quantum Dots.

» Section 19.2, Physical Chemistry, Atkins 8th ed., p.306.
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hZD wavefunctions

* Wavefunctions for a particle
confined to a rectangular surface:
- Contours of equal amplitude.

n, =1,n =1, lowest energy state
n=1n =2,

' & if x =y, then degenerat
n=2,n =1,
n=2,n =2,
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h3D: solutions

2

- : X ainPY i P2
Y (x,y, 2= smn’p sin sin
s L.I.L2L3 I‘l LZ L3

For a cube of dimensions£X£ L, ,EYE£L, EQE L

- Same derivation as for 2D, just add extra terms.
- This has relevance for quantum dots & nanotechwyolog

For a particle of mass m confined to a cube ofafisions
Ll, L2, L3
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IA 3D cube
If L, =L, =L,then it'sa special case and:
2
2 2
LU 8m|_12-(rh + i * rg)
Many degenerate levels:
[111] (nf+ nj+n2) = 3(nX =n=n-= 1)

[211] (n + n; +° ) = 6, 3 degenerate levels
n=2n=n=% n=2n=n=1n=2n=n=1

[221] (nf+ n; +rf ) = 9, 3 degenerate levels.
[311](n;+ n} +rf ) =11,3 degen. levels. [222] n? = 12,
[321] n? = 14,6 degen. levels. [322] ¥ = 17,

1 level

Zden. level
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_Quantum Dots:

91

h3D degeneracy:

- Increasing
symmetry:

- More degenerate
levels.

- Forlarge n:
» Degeneracyl n?
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h Quantum Dots: energies

- Transfer of energy to a semiconductor increasemtiiality
of electrons in the material:
 consider the movement of electron—hole pairs (excitons).
» 3 dimensions, coulombic field.

- SWE is complex, but solvable:

_h® 1 1 188
TR M m,

m. m, 4peR
R =radius of Qdot (usually 2-18m ¥ =

m, = mass electrom), =mass hole spees

pernivity of medium.
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_3“’ year quantum: 7t Topic

- Rotational Motion:
 Particle on aring.
* Angular Momentum & Moments of Inertia.
» Boundary Conditions.
 Rotational Energies.
* SWE solution.

- Know how to use separation of variables techniqugpet
SWE solution. Generate and sketch E-level diagrams.
» Section 9.6, Physical Chemistry, Atkins 8th ed., p.297.
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_Angular Momentum

- Angular momentund,=+pr (p = m\:
* Momentum” Radius.
» + term because you can have two different directions.
* Clockwise, Anti-clockwise.
- Right Hand Rule:
 Fingers point in direction of travel.
* Thumb points in ddirection.
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hRotation: system conditions

- Body of mass m confined to a ring of radius R byoV#
- XY plane only

Total Energy = Kinetic energy (E
E, = ¥mv
Rem: Momentump = mv

_ P

" 2m
BUT....not linear motion...so:

2
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hMoment of Inertia (1)

- Rotational inertia.

- Rotational analogue of
mass for linear motion.

- I must be specified with
respect to @hosen axis of
rotation.

- For a point mass:

e l=mr
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_ Rotational Energy:

J? N
E z_ mrf = moment of inertid so = = ...
K 2mr? ( 3 21

What values allowed?...NOT ALL.

de Broglie: / =D,and J,=%pr, J,=%
p

v (0)= (@ )otherwise:
destructive intedrarce.

/ can only haveertain values:

_2pr - _
/=2 m=0123
m
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_ Rotational Wavefunctions

- Combining some classical with the de Broglie
relation:gives general form & exact energies

- Need to use SWE to get exact wavefunctions.

- Boundary conditions:
« Particle confined to the xy plane.

< ()= ( +2p).
* Massm.
- Change to, co-ordinates

* One variable.
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h Rotational Energy:

/:E hr

, and Angular Momentum3, = iT

J, ~Mmh_ m m=0,+1+2 [Quantisation]
2p
2
J; (m )
RememberE, = z_, = , = 041, +2
 2mr? B om?Z M

2
WE =T

, m=0,£1%2..Remembe | =mr

K 2l
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hRotationaI: SWE solution, stepl

I:|:-—2 ﬂ—2+ﬂ—2 + X=rcos andy=r sin
2m X 1y
T

2 2 2 2 | 0% * +
S [ -

100




h- Rotational: SWE solution, step 2

. R d*y  2IE
H=-—>— |::> - = SWE
21 d¢- d{f}l %2 4 ( )

Normalised
general solutions

But: Cyclic Boundary condition: (, )= (, -2p)
M+ ) i 2 im .
= H oA

- =
(20)"  (2p)
Condition for single value solutions

Vi (F+2 )=

101

_Rotational: SWE solution, step 4

2mr? 2l

- Zzi‘/z— Y - The energy is quantized.
22”" df ) - The occurrence afy as its

dy _ 2mr Ey -0 square means that E is

drf? 2 independent of the sense of

d?y rotation.

177 +m% =0

V. =(1/D) exp(imf )

m=0,+1,+2+3, |=mr

E _ mZ 2 _ mZ 2
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hRotationaI: SWE solution, step 3
Asé’ =-1,

ym € +2 )=V 7()
We require (-B" = 1,

2m must be a +ve or -ve even integer I(iding 0)
Thereforem = 0,x 1+ 2,...

* The real parts of the wavefunctions of a
particle on a ring.
* As shorter 's are achieved:
— magnitude of the angular momentum
around thez-axis grows in steps of.
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h Rotational energies:

- States are doubly
degenerate.

. Zero-point energy = O:

* Particle can be somewhere
on the ring....not known
exactly..need angle

 But can specify angular
momentum exactly:

* J,=%pr
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_Problem 1: hProbIem 1: Method (1)

Particle on a ring is a useful model for the motion o

electrons around the porphine ring. Step 1: Energy levels for rotating particlqg:
» Conjugated macrocycle that forms the structuraisbafthe 2 2
haem group and the chlorophylls. E = m, form =0.+1 +2 +3 +4 15
| =y =y =Y,y =T, LT

Can treat as a circular ring of radius 440, with 22
electrons in the conjugated system moving along th

Where | =mr? (moment of inertia),
Angular momentumyJ, = m,

perimeter of the ring.
- Assume that in the ground state of the molecule
quantized each state is occupied by two electrons.
Step 2: Fill theenergylevels with electrons, der level

1. Calculate the energy and angular momentum of an electron ifn the 22 electrons first 11 levels fdd.
highest occupied level.
2. Calculate the wavelength of radiation that can induce a transifion

Highest occupied statem, =+ 5...[1, =m |

between the highest occupied and lowest unoccupied levels. J,=+5 =57 (1.055 10*Js¥ 5.25 10 * &
105
BRY Problem 1: Method (2) BERY Problem 1: Method (3)
Step 3: Calculate the moment of inerfip & then energy Step 5: Derive energy( E) for transitiodighest occupied levefyy =+

Lowest unoccupiedh, =+ 6 D EsE- LE
— 2 — 2
| =mr?,r = 440pm = 440 10*m, Step 6: Calculate £

| =(9.11" 10*kg ) (440 10*m ¥ 1.764 16°%kgnt £ _(6f *_36 (1055 10"Jsj__ 4.00 16"3§
* 2 2°1.764 10°kgm?>  $28 10*°kgm?
E,, =1.14" 10™J [Remember 1 =1kgnf & ]

Step 7: Calculat® E:

DE =(1.14" 10**- 7.88 10°)& &2 10'J

Step 4: Calculate the energy

£ _(5)* ? 25 (1.055 10%J9°* _ 2.78 10°7J)°¢
* 21 2" 1764 1049kgm2 3.528 10 kgm2 Step 8: FronD E=h calculate wdeagth:

[Remember 1J=1kgnt s* ] , - hc _ (6.62608" 1G* Js)(2.998 foms’)

— . 19 DE 3.52° 10" J
E,,=7.88 10J / = 564 10°m = 564muvisible light.

=5.64" 10'm
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_3“3' year quantum: 8" Topic

- Vibrational Motion:spectroscopy
» Harmonic Oscillators.
» Boundary Conditions.
» Energy level diagrams / Zero-point energy.
» Wavefunctions.
 Probabilities.

- Know how to draw and calculate energy level diagram
» Section 9.4-5, Physical Chemistry, Atkins 8th ed., p.290-297.
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Schrodinger Wave Equation:

2dy 1
- — + —kx? = b ...
2m dx¥ 2 y=v

Boundary Conditions:
Can't have infinitely large compressions or extensi only
v =0, atx=z=¥
Permitted Energy Levels:
E, :(v+1) w  whae W:\/K(force constany
2 m (reduced masp
w = specific to a particular molecule.

E =(v +l)7’l\/Z
2 m

v=0,1,2,3,4......
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hVibrating System: Harmonic

- Particle undergodsarmonic motion if
it experiences a restoring force (F)
proportional to its displacement (x):

» F=-kx (k=force constant)

(%-
- T+ %
-V =1k

e Parabolic equation
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h Energy level array: harmonic oscillator

Separation between adjacent level
Ev+1 - Ev: w

k (force constant

m (reduced ras9

wherew =

whenm ~ atomic masses
w significant.....
Vibrational spectrscopy:
IR - absorption, Raman Scattng.
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_Zero Point energy: harmonic

Because the smallest permitted value fO0,
- It follows that a harmonic oscillator hazero-point energy
Eo=%2
- Reasons:
» Mathematicallyy cannot be —ve otherwisewould be ill-behaved.
« Physical reason same as for the particle in a square weltlpasti
confined position is not completely uncertain momentum (&
KE), cannot be exactly zero.
- In the zero-point state:
« particle fluctuates incessantly around its equilibrium position.
« classical mechanics would allow the particle to be perfedtly st

113

h-Wavefunctions (11)

() = N,H,(y) €7 "2

< All wavefunctions8 * at large
displacements.

stiff springs.

become larger:

e ’sspread over a wider range\as
increases.

- Gaussian function goes very stron
to zero as displacement increases:

* ’'sdecay faster for large masses an
- Asvincreases, Hermite polynomig

e ’sgrow large before the Gaussian
function damps them down to zero.

gly

I

Is
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h-Wavefunctions ()

Schrodinger Wave Equation:
2 dy 1

" 2m dx2 2
Has a solutiorf the general form:

y (X) = N” (polynomial in ¥ ( bell - shaped Gaussiamdtion),

where N a normalisation comasit.
Precise Wavefuction:

Wy () = Ny Hy (y)e” 02

X h2 1/4
Vg a:(ka

The factoH, § ) is a Hermite polynomial, aktj =1
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hWavefunctions (1)

- Normalized wavefunctions:
» for the first 5 states of a
harmonic oscillator.
- No. of nodes is equal to

. Alternate wavefunctions are

e symmetrical or
antisymmetrical
abouty = 0 (zero
displacement).

116




WBa Probabilities: (1)

- Probability distributions

- Regions of highest

try it yourselves on the Atkins PC wigdbs

for:

« first five states of a harmonic
oscillator and the state with
= 20.

probability move towards
the turning points of the
classical motion ag
increases.
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_Harmonic oscillators....tunnelling

. Wavefunctions can extend

outside limits defined by
harmonic oscillator
« Remember: V
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hHarmonic oscillators....

. %% /
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h Practical Example

Atoms vibrate relative to one another in molecwih the bond
acting like a spring. For X—H: where a heavy X atiomms a
stationary anchor for the very lightadom...only the H atom
moves, vibrating as a simple harmonic oscillator

E, = (v+%) \/E v=0,1,2,.][allowed vib. E leved]
m

k =516.3Nm™ for H®> Cl bond, Mass (proton) ~ 1.7 kg
w» 5.5 10%s’ = (5.5 10THz .)

DE between adjacent levels:.w  =5.820 @8~ 0.36eV ).

Corresponds t85kJmol*, which is chemically significant.

Zero-point energy of this molecular osaitir ~ 30zJ, ~02 eV = 15kJmd™.
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